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ABSTRACT 
Unsaturated Hydro-Chemo-Mechanical Modelling Based on Modified Mixture Theory 
 
Xiaohui Chen, PhD  
The University of Manchester 
 
New unsaturated coupled models have been developed for fluid transport in deformable 
rock by using modified mixture theory rather than a fully mechanics-based approach. 
These models include the following: an unsaturated hydro-mechanical coupled model for 
both non-swelling and swelling materials, in which a new coupled formulation for 
hydration swelling rock has been included; and an unsaturated hydro-mechanical-chemo 
coupled model, incorporating a new coupled formulation including osmosis flow and an 
unsaturated version of Darcy’s law which has been extended by including osmosis effects. 
 
Modified mixture theory is mainly based on non-equilibrium thermodynamics. Helmholtz 
free energy is used to give the energy relationship between the fluids and solid and, by 
using the Gibbs-Duhem equation, the interactions between different fluids such as gas, 
water and chemical can be obtained. In this research, general coupled formulations for 
both large small and deformations have been obtained. For swelling rocks, the water 
between the clay platelets can be modeled by including the difference between the free 
energy of whole domain and that of the pore water plus the solid skeleton. By assuming 
small deformations, the final equations can be compared with those derived using the 
mechanics approach. 
 
The new coupled models have been tested by carrying out simple benchmark numerical 
simulations using finite elements. Problems analyzed include: (1) the consolidation of 
saturated swelling rocks in which the hydration swelling effects on consolidation have 
been analysed in detail; (2) the desaturation and resaturation of seasonally affected rocks 
around tunnels; (3) the desaturation stage for swelling rocks used in the containment of 
nuclear waste disposal; (4) chemical transport in very low permeability rock used for 
nuclear waste disposal, in which particular attention has been focused on osmosis flow 
and chemical consolidation.  
 
In summary, this thesis extends modified mixture theory and develops new coupled 
formulations which can be applied to deep nuclear waste disposal, including tunnelling, 
drilling and chemical transport in low permeability host rock. 
 
 
Keywords: entropy; modified mixture theory; porous medium; poro-elasticity; 
thermodynamics.  
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Chapter 1: ENGINEERING BACKGROUND 
 
Introduction  
 
In geotechnical engineering, a coupled model of porous media is very practical. Rocks 
and soils can be viewed as having a solid skeleton. If water flows through the pores of 
saturated solids, the water flow pressure will cause the deformation of the solids and, in 
turn, the deformation will affect the fluid transport. Furthermore, if there is an additional 
chemical transport in the water flow, there are additional couplings between the 
chemical/water flows and chemical/solids. A yet more complex condition occurs when 
gas transport is involved in the unsaturated condition. More coupling issues should be 
addressed: in geo-mechanics, almost all real industry problems involve coupled processes.  
 
This thesis focuses on the development of a novel framework for the modeling of coupled 
problems in geomechanics. In particular, it considers hydro-mechanical-chemo coupling 
in unsaturated soils and rocks, and develops new formulations based on non-equilibrium 
thermodynamics and, in particular, a method known as modified mixture theory. It has 
many practical applications, although the issue of nuclear waste disposal is probably the 
most topical application at the present time. Hence, problems related to nuclear waste 
disposal are often mentioned in this thesis to highlight issues and behavior mechanisms.  
 
  28
This chapter introduces the engineering background of nuclear waste disposal in the 
ground. Nuclear waste disposal is a large research area and includes many aspects, such as 
natural barriers, engineered barriers, tunnelling, drilling and so on. This thesis considers 
coupled models of porous media and has relevance to chemical transport in the host rocks 
around metallic containers of nuclear waste and to the stability of tunnels. The necessity 
for, and general concepts of, deep nuclear waste disposal are introduced first. Next, the 
natural host rock barrier is introduced, including the effects swelling and chemical 
transport in rocks.  Buffer and backfill materials, which are defined as engineered 
barriers, are briefly introduced to give a complete overview of the nuclear waste disposal 
concept. Then, other engineering applications such as tunnelling, drilling and pollution 
transport are introduced.  
 
Finally, this chapter summarises the primary aims and objectives of the thesis, and goes on 
to give an outline of the content of all following chapters.   
 
1.2 Deep nuclear waste disposal concept 
 
Radioactive wastes are classified as very low level waste (VLLW), low level waste 
(LLW), intermediate level waste (ILW) and high level waste (HLW). Table 1.1 shows the 
details of these categories (Craig, 2009; WNA, 2001, 2008). 
  
Some waste will remain hazardous to humans and other living beings for hundreds of 
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thousands to millions of years (Babaev et al., 2003).  “These wastes must be shielded for 
centuries and isolated from the living environment for hundreds of millennia” (NIRS, 
2010). “Nuclear waste requires sophisticated treatment followed by a long-term 
management strategy involving storage, disposal or transformation of the waste into a 
non-toxic form” (Ojovan and Lee, 2005). 
 
Some countries have radically different concepts for deep nuclear waste disposal, while 
some European countries, America and Japan have similar concepts but different details 
(McCombie, 2009; SKB, 1995a, 1995b, 1996a, 1996b, 2004). The disposal methods for 
nuclear waste provide some of the most important problems for the international nuclear 
industry. The repository design aims to make the disposal system as safe as possible.  
     
One concept for deep nuclear waste disposal was described, Fig 1.1, by Ericsson (1999): 
‘A place in rock which is hundreds of metres or several kilometres below the biosphere is 
first chosen for the residence of the nuclear waste. Then metal containers with high level 
waste are placed in mined deposition holes which are connected by a system of tunnels. 
Engineered barriers are used in the near field relative to the disposal room, while the 
geosphere is the far field. Engineered barriers and natural barriers such as bedrocks play 
the role of isolation. The underground water is the connection between the nuclear waste 
and biosphere’.  
 
Fig 1.1, which is from the Swedish nuclear deep disposal concept, shows various parts of 
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a deep disposal system. Many other countries have a similar macro-concept, but differ in 
the details (Ericsson, 1999; Olsson et al., 2008). The components of the multi-barrier 
system are as follows: 
• The natural barrier for the nuclear waste is the bed rock. It should have the 
following properties: (1) long-lasting mechanical stability; (2) a chemically stable 
environment where the ground-water does not contribute to corrosion of the 
containers’ material and also does not alter the surrounding buffer material which 
ensures low solubility and high retardation of the radioactive constituents in the 
waste; (3) a constant and slow groundwater flux which can reduce the risk of 
radionuclide transport.  
• The engineered barriers include metal containers, buffer materials, backfilled 
materials and so on. They are considered as potential barriers for the isolation of 
high activity nuclear waste at great depth. In the left part of Fig 1.2 (Villar, 2004), a 
limited volume of nuclear waste is buried hundreds of metres down in the 
geosphere. In the right part of the figure, the waste is sealed by the buffer materials 
which can be viewed as near field barriers. 
• The host rock is the far field barrier which should prevent the transport of 
radionuclides via water and gas pathways.  
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1.3 Swelling characteristics of natural and engineered barriers  
 
1.3.1 Swelling phenomena 
In concept, deep nuclear waste disposal involves metal containers filled with high level 
waste being placed in deposition holes in low permeability host rock. Blocks of highly 
compacted bentonite clay, often referred to as the buffer, are placed in the holes around the 
containers. Finally, the galleries are backfilled with materials which are a mixture of sand 
and bentonite or crushed rock (Blacic, 1993; Ericsson, 1999; Kranz et al., 1989; SKB, 
1995b). 
 
“Swelling rocks are water-absorbing materials which are formed from minerals that can 
hold water in their crystal structure or between grain boundaries. Such water adsorption is 
often accompanied by a change in the crystal dimension that manifests itself as a swelling 
of the material” (Heidug and Wong, 1996). Swelling is particularly pronounced in rocks 
containing phyllosilicates  or clay rich stones, because their crystal structure consists of 
stacked silicate layers (Fjer et al., 1992). When this kind of crystal structure comes into 
contact with water, there are forces which will disjoin the stacked silicate layers, thereby 
causing swelling (Mitchell, 1993), see Fig 1.3.  In geological and geotechnical practice, 
this phenomenon is of relevance for clay-rich rocks. 
 
The forces involved in hydration swelling are:  
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• Hydration forces: resulting from the ordering of polar water molecules near 
hydrated surfaces. The forces are repulsive and disjoin the stacked silicate layers 
to cause swelling (Mitchell, 1993).  
• Electrical forces: resulting in the charging of silica surfaces exposed to water 
(Israelachvili, 1991). 
 
The structure of swelling rock (clay-rich stone) is made up of clay platelets compressing 
against each other, while the water and gas occupy the pore space. With increasing 
saturation due to the underground water, most of clay surfaces become hydrated. Fig 1.3 
shows the swelling micro-structure (NASA, 2010).  
 
1.3.2 Buffer and backfill materials 
For the purpose of completing the outline of deep nuclear waste disposal, engineered 
barriers are introduced in this section. Bentonite can be used as a sealant and is especially 
relevant for the underground disposal of nuclear waste because of its swelling property. It 
also has additional properties such as low permeability and the ability to retain elements in 
its structure. The functions of a buffer are to limit the entry of water from underground flow 
to the nuclear waste container, to contribute to radionuclide retention and to provide 
mechanical protection for the containers (Villar, 2004).  
 
Backfill materials are used to backfill the galleries in the final closure. Normally, they are 
mixtures of inert materials (crushed granite) and bentonite (Ericsson, 1999) and have a 
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similar permeability to the surrounding rock mass. They support the rock and limit the 
expansion of the buffer, but they cause no chemical conversion of the buffer (Villar, 2004).  
 
Since the backfill and buffer materials have a swelling function, the effects of swelling in 
engineered barriers are discussed in more detail. Fig 1.4 shows the swelling effects due to 
submergence in underground water. Before submergence, there may be some spaces 
between the container and buffer material, and between the buffer material and bedrock; 
these spaces will be filled up by the swelling of the buffer materials after submergence by 
the ground water. During the final closure of the repository, the access tunnels are 
backfilled (Komine and Ogata, 1999).  
 
1.3.3 Chemical transport and modelling prospective  
If a repository is close to the seashore, or the nature of the host rock includes some salt, 
the fluid uptake into the host rock may have a high salt concentration. Hence some 
research has focused on the influence of chemical processes on the performance of the 
bentonite buffer. Experimental results for the change in rock or soil structure due to the 
evolution of chemo-mechanical coupled processes have shown that the chemical 
component has a strong effect on the mechanical performance (Musso et al., 2003). 
Further research including more couplings has shown the importance of chemical effects 
in hydro-chemo-mechanical (Chen et al., 2007) and thermo–hydro–chemo–mechanical 
coupled models (Gens, 2002; Seetharam et al., 2007; Thomas et al., 2001; Thomas et al., 
2002; Thomas et al., 1994). Since this thesis focuses on the isothermal condition, thermo 
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coupling is not considered here.  
Chemical effects will be discussed in detail in section 2.3.2. For the coupled modelling 
research in this thesis, rock is viewed as a poro-elastic structure (Biot, 1941; Chen et al., 
2007; Wang, 2000). Moreover, unsaturated and chemical effects are important issues that 
need more study. This dissertation considers chemical transport in unsaturated poro-elastic 
rocks and is a subject of relevance to industry.  
 
1.4 Drilling, tunnelling and pollution transport 
 
Apart from the application to engineered barriers in the nuclear industry, there are other 
important applications of coupled theory that are covered in this thesis. 
 
1.4.1 Drilling engineering  
“Shales make up over 75% of drilled formations, cause over 90% of wellbore instability 
problems” (Steiger and Leung, 1988) and cost the tunnelling industry a conservative $500 
million/year in the 1980s. The causes of the swelling of shales has been investigated (Bol 
et al., 1994; Israelachvili, 1991; Olphen, 1977) and several important experiments have 
been conducted to reveal the effects of chemical transport in drilling fluid shale interaction 
(Mody and Hale, 1993; von Oort, 1994). Chemical transport is very important for the 
drilling engineer, as it may affect the swelling which threatens the stability of wells drilled 
through shales (Fjer et al., 1992). 
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1.4.2 Tunnel engineering  
Swelling rocks have caused great difficulties in highway tunnels (Einstein, 1979; Grob, 
1976). In tunnels, swelling can cause invert heave and associated abutment movement 
which can be sudden or long-term, with heave rates from 4 to 10mm/per year (Einstein, 
1979).  Movements due to swelling can cause a lot of consequent problems, such as 
broken drainage channels and interference with vehicular traffic during construction 
(Einstein, 1996). As a result of swelling rocks, approximately 100 million Swiss Francs 
were needed for the reconstruction of the Hauenstein Base tunnels during 1980 to 1987 
(Einstein, 1996). 
 
1.4.3 Pollution transport   
The problem of disposal of toxic waste is important for industry and the community 
(Anderson, 1979). Regardless of whether the disposal is in soils or rocks, there is always a 
flow of underground water which can transport toxic materials to the biosphere; so, the 
waste repository must be designed to make sure that the concentration of toxic material 
which reaches the environment is below the level which is acceptable to the community 
(Rahman and Booker, 1989).  The model of chemical transport developed in the final 
two chapters of this thesis can also be used in pollution transport studies.    
 
1.5 Aims and Objectives 
 
This thesis aims to develop and extend modified mixture theory for modelling the coupled 
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geomechanical effects of water and chemical transport in unsaturated materials, such as 
the host rock encountered in deep nuclear waste disposal (Note that modified mixture 
theory will be introduced in detail in chapter 2, section 2.4.) The consititutive modelling 
of unsaturated hydro-mechanical coupled behaviour (UHM) is a first step and later a fully 
unsaturated hydro-mechanical-chemo coupled model (UHMC) will be developed. In the 
UHM model, non-swelling and swelling rocks will be considered. In the UHMC model, 
chemical osmosis will be studied in detail. In particular, Darcy’s law will be modified by 
including chemical effects.  
 
The thesis also aims to develop numerical simulations for UHM and UHMC situations. 
Starting from a finite element program for modeling saturated hydro-mechanical (HM) 
coupled problems (Smith and Griffiths, 2004), further programs will be developed for 
UHM and UHMC. This will enable the couplings between effective stress, strain, pore 
water pressure, degree of saturation (in UHM) and chemical concentration (in UHMC) to 
be studied in more detail.  
 
The objective of the theories and programs developed in this thesis is to provide a 
methodology that will eventually lead to a full understanding of the mechanisms involved 
when clay-rich rocks encounter ground water and chemical transport. In this research, the 
desaturation of the host rock around a nuclear waste container will be considered, as will 
the chemical transport in unsaturated conditions. Also, a simple tunnel model will be 
studied to give a full understanding of the effects of seasonal changes, such as winter and 
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summer, on the performance of the tunnel.  
 
The components of the research are as follows:  
 
i) The development of a saturated hydro-mechanical coupled model (HM) for analysing 
hydration swelling.  
 
ii) The extension of modified mixture theory for unsaturated conditions and the 
development of an unsaturated hydro-mechanical coupled model (UHM).  
 
iii) The further development of the UHM model for unsaturated swelling rock to include 
hydration characteristics.  
 
iv) The extension of modified mixture theory to include unsaturated chemical transport 
and the development of an unsaturated hydro-mechanical-chemo coupled model (UHMC) 
with specific attention to unsaturated chemical osmotic flow.  
 
Each stage in the theoretical development has been linked to the development of a finite 
element code for analysing boundary value problems. Furthermore, each stage in the 
development of this code has included the analysis of simple benchmark problems. 
Although the primary purpose of these analyses is validation, the results also provide a 
useful insight into the coupled mechanisms.   
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In summary, this thesis aims to extend modified mixture theory to provide a framework 
for the modelling of hydro-mechanical-chemo coupling in unsaturated rock. It also 
presents benchmark simulations for demonstrating algorithm performance.   
 
1.6 Layout of the thesis 
 
In this chapter, the engineering background to the research has been introduced. In 
particular, the relevance of UHMC coupling to problems involving nuclear waste disposal 
has been highlighted. The discussion has included a consideration of the nuclear deep 
geological disposal concept, the swelling phenomena of host rock, the buffer and backfill 
materials, wellbore stability, tunnel stability and pollution transport.  
 
Chapter 2 contains a literature review relating to research in the coupled modelling of 
porous media. The mechanics approach is introduced first. In particular, the formulation of 
unsaturated hydro-mechanical coupled equations based on the mechanics approach has 
been introduced in detail, for the purpose of comparing with the final equations derived 
using the new methodology developed in this thesis. Next, mixture theory and modified 
mixture theory are reviewed: since both are based on non-equilibruim thermodynamics, the 
basic concepts of thermodynamics are also included. The differences between the 
mechanics and non-equilibrum thermodynamics approaches are then explained in detail.    
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Chapter 3 describes the development of a saturated hydro-mechanical coupled model based 
on modified mixture theory. It focuses on hydration swelling, which is caused by multi- 
layer water molecules between the clay platelets, instead of combined swelling which 
includes both hydration swelling and osmosis swelling. Hydration swelling is the more 
common form of swelling in tunneling, and so a swelling term has been included in 
classical Biot theory to model its effects.          
 
Chapters 4 and 5 consider an unsaturated hydro-mechanical coupled model based on 
modified mixture theory. As far as the author knows, little research has been done on 
unsaturated modelling based on modified mixture theory. Chapter 4 considers non-swelling 
rock and derives the same coupled equations as may be found using the mechanics 
approach (Lewis and Schrefler, 1987). A seasonally affected tunnel model has been 
analysed in this chapter. Chapter 5 then extends the theory in order to model hydration 
swelling materials.  
 
Chapters 6 and 7 develop the formulation for an unsaturated hydro-mechanical-chemo 
coupled model based on modified mixture theory. Chapter 6 focuses on the theory and 
includes chemical osmosis in the classical unsaturated Darcy’s law and in the coupled 
model itself. Thus, the effects of chemical transport on the solid skeleton and water 
pressure can be analyzed. Since the interaction effects between the multiple components 
are very complex, only theoretical aspects are covered in Chapter 6. Chapter 7 is dedicated 
to numerical analyses based on the theory of Chapter 6. It includes a parametric study for 
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the case of chemical transport in a poro-elastic rock.  
 
Chapter 8 contains the conclusions of this thesis and also recommendations for future 
research. Since the thesis opens the door to a large subject area, there is a lot of interesting 
and important research that can be done in the near future.    
 
Throughout the thesis, simple numerical examples have been analysed for illustrative and 
validation purposes. Chapter 3 considers a simple model of consolidation for swelling 
rock which has relevance for the problem of wellbore stability, whereas chapter 4 analyses 
a seasonally affected tunnel problem. The numerical models in chapters 5 and 7 are very 
similar to that in chapter 3, but with different boundary conditions and more couplings: 
these analyses are for analysing desaturation and chemical transport in host rock, 
respectively. Each simple model covers some aspect of material behaviour encountered in 
the nuclear waste disposal industry.     
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Fig 1.1 Parts of the deep disposal system and the most important safety functions (Ericsson, 1999) 
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Fig 1.2 Parts of engineered barriers (Villar, 2004) 
 
 
Fig 1.3 Swelling structure in clay-rich rocks (NASA, 2010) 
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Fig 1.4 Image of utilization of swelling charateristics of buffer and backfill materials (Komine and 
Ogata, 1999) 
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Table 1.1. International classification of waste types (Craig, 2009; WNA, 2001, 2008).  
Acronym  Waste Type   Scientific Classification                    Principal Sources                         
HLW High Level Waste Significant radioactive heat generation.   Spent nuclear fuel, nuclear weapons 
decommissioning  
ILW Intermediate Level 
Waste (not defined in 
the USA or Japan) 
Significant levels of radioactivity, but not 
selfheating.  
Contaminated materials from reactor 
decommissioning, medical and industrial 
radiation  
LLW Low Level Waste Waste emitting potentially harmful levels of 
radioactivity, and not classified higher.   
Medical, scientific and industrial radioactive 
wastes, contaminated equipment from the 
nuclear fuel cycle.   
VLLW Very Low Level 
Waste 
Waste that is radioactive, but at levels not 
considered harmful to the environment.  
Debris from nuclear industrial sites, and from 
radiological processes in other industries.  
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Chapter 2: LITERATURE REVIEW  
 
2.1 Introduction 
 
If a domain is partly occupied by a persistent solid phase, known as the solid matrix, and 
the remaining part of the domain (called the void space) is occupied by fluid phases such 
as water, gas and oil, this domain can be defined as a porous medium (Bear and Buchlin, 
1991). In nature, rock, soil and biological tissues can be considered as porous media, as 
illustrated by the two phase porous medium in Fig 2. 1. The hydro-mechanical coupling is 
the physical interaction between the mechanical and seepage processes.  
 
There are the two major approaches for describing the interaction of the fluid and solid 
phases in porous media: the mechanics approach and the mixture theory approach. The 
mechanics approach is based on classical consolidation theory (Biot, 1941), which is 
developed for modelling soils. On the other hand, mixture theory is based on general 
continuum thermomechanics (Bowen, 1980, 1984; Truesdell and Toupin, 1960), which is 
for modelling biological tissues. Recently, Heidug and Wong (1996) adopted a new 
approach for saturated rock which is here referred to as modified mixture theory. They 
derived a framework for the hydro-mechanical-chemo coupled modelling of saturated 
rock (HMC). This approach takes account of both Biot poro-elasticity and continuum 
thermomechanics.  
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This chapter discusses the mechanisms of porous media and the above mentioned theories, 
and is divided into five further sections. Firstly, section 2.2 describes some basic aspects of 
saturated and unsaturated soils or rocks. Then section 2.3 describes the development of 
traditional coupled models based on the mechanics approach, including recent advances 
that have been made in this field. Section 2.4 describes the differences between mixture 
theory and modified mixture theory, as well as the basic concepts of thermodynamics and 
non-equilibrium thermodynamics, which are the foundation of both forms of mixture 
theory. Section 2.5 then considers the solution of coupled partial differential equations in 
geomechanics by using finite elements. Finally, section 2.6 provides some concluding 
comments.   
 
2.2 Saturated and unsaturated soil  
 
As an introduction to the constitutive model features that need to be considered in this 
thesis, this section introduces general aspects of saturated and unsaturated soils and rocks 
under the influence of water and gas.  
 
The vertical distribution of moisture for saturated and unsaturated soil or rock can be 
divided by the ground water table, which represents a surface of zero pore water pressure. 
The pore water pressure is generally positive (i.e. compressive) in saturated materials and 
negative (tensile) in unsaturated materials. An example of a vertical moisture distribution 
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profile can be seen in Fig 2.2 (Bear, 1979), in which the “zone of saturation” is beneath 
the ground water table. In this zone, soils or rocks are fully saturated. Above the ground 
water table is the zone of aeration, which can be divided into three subzones: the capillary 
fringe zone, intermediate zone and soil water zone. The capillary fringe zone has a 
relatively higher saturation (>75%); the water content in the intermediate zone is at or 
below the field capacity; and the water content in the soil water zone experiences the 
greatest changes due to external conditions such as rainfall, evaporation and so on.       
 
Of course, saturated soil is merely a special case of an unsaturated soil (i.e. with degree of 
water saturation equal to unity) and the concept of coupled modelling for soil mechanics 
is very similar to that for rock mechanics. Hence, to simplify the discussion, it will focus 
on unsaturated soil. In particular, the desaturation and resaturation of unsaturated soils 
need more discussion, since these processes are emphasised in chapters 4 and 5. There are 
about 5 different stages in the process of desaturation in soils (Fig 2.3) (Childs, 1969). 
Stage 1 is a fully saturated condition in which all the solid particles are submerged in 
water. Because the air-water interface becomes curved in stages 2 to 5, there is a 
difference between the pore water pressure and pore gas pressure. The difference in 
pressure between the gas and water is a function of the radius of curvature of the interface. 
These details are described in Bear (1979). In unsaturated soil mechanics, capillary 
pressure (suction) = pore gas pressure - pore water pressure.  
 
Hysteretic behaviour is a very interesting phenomenon in unsaturated soil mechanics. Fig 
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2.4 shows a typical relationship between water content and suction, as introduced in the 
figure by θwi  and eh , respectively. There are two different paths: the drainage path and 
the wetting path. The drainage of a soil or rock will cause an increase in suction, whereas 
wetting causes a decrease in suction. Note that, even at the same suction, the water content 
in the wetting path is lower than that of the drainage path. Also, in the final stage of the 
wetting path, the water content is less than 100% saturation due to entrapped air.   
  
2.3 Mechanics approach to coupled model analysis  
 
Natural porous media are very complex. Hence, to simplify their analysis several 
assumptions may be adopted (Lewis and Schrefler, 1987):  
• The solid phase is assumed to comprise a porous skeleton of particles surrounded 
by fluids. 
• The grain displacement can be neglected when the displacements do not exceed 
5%  of the thickness of the compacting unit (Gambolati, 1973).   
• Small strain theory is applicable so that Darcy’s law is assumed valid. 
• The gas phase is continuous in the unsaturated zone and the gas pressure 0gp =  
(Neuman, 1975; Safai and Pinder, 1979), even though this assumption has a few 
limitations due to compressibility of gas (Fredlund and Rahardjo, 1993); for 
example, if there is a sudden load on the solid skeleton which causes a large volume 
change of the gas, the pore gas pressure should not be assumed to be zero.    
• The fluid pressure (water or chemical) causes a uniform, volumetric strain by 
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compressing the grains, whereas the effective stress ′σ governs the major 
deformations of the porous skeleton. 
 
The mechanics approach is based on techniques of homogenization such as the local 
volume average approach. A representative elementary volume (REV) around any 
considered point in the domain of a porous medium is chosen to contain all the phases, 
such as solid and fluids (Bear and Bachmat, 1984), and the variables are assigned average 
values for the REV. Macro conservation laws can then be formed by using volume 
averaging. To simplify the comparison with other approaches, this approach is referred to 
as the mechanics approach in this thesis because it is mainly based on continuum 
mechanics, and soil and rock mechanics. 
 
In this approach, the governing equations for a saturated deforming porous medium are 
mainly composed of two parts; namely, the mechanical equilibrium of the porous skeleton 
and the conservation of water mass. The analysis of the solid and fluid phases for both 
saturated and unsaturated conditions will be given in the following sections.  
 
2.3.1 Solid phase of coupled model for saturated and unsaturated conditions 
Terzaghi formulated the principle of effective stress for saturated soil, which is defined as 
(Terzaghi, 1943)  
 wp′ = −σ σ m  (2.1) 
where  
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• σ  is the total stress; 
• m  is the hydrostatic vector which is defined as [ ]T 110=m  for two-dimensions 
and [ ]T 111000=m for three-dimensions, where T is the matrix transpose;  
• wp  is the pore water pressure. 
 
However, the sign convention generally used in coupled model analysis is different from 
that implied in equation (2.1). Specifically, the effective stress has been redefined as (Li, 
1997; Zienkiewicz and Shiomi, 1985)  
 wp′ = +σ σ m  (2.2) 
Li (1997) gave an explanation for this modification. Equation (2.1) implies that σ , 
′σ and wp  have the same sign convention: for example, positive for compression and 
negative for tension. Since ′σ  has a direct relationship with strain ε , the sign convention 
for ε  is also positive for compression. However, these sign conventions for stress and 
strain are contrary to those usually used in continuum mechanics. Hence, for convenience 
in constitutive modellng and for consistency with most continuum mechanics theory, the 
sign convention for stress ( ′σ  and σ ) and strain is defined as positive for tension, whereas 
the sign convention for pore water pressure is positive for compression. These sign 
conventions are consistent with equation (2.2).   
 
The general form of the constitutive equation for effective stress and strain can be defined 
as (Zienkiewicz, 1977)  
 ( )p od d d d′ = − −σ D ε ε ε  (2.3) 
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where  
• ε  is the total strain of the skeleton 
• pε  are the overall volumetric strains due to pore fluid pressure 
• oε  represents other strains such as swelling, chemical, thermal, etc. (Note that 
plastic strains have not been included here, since this thesis focuses on an elastic 
porous medium) 
• D  is the elasticity matrix. 
 
The final equilibrium equation for the skeleton force balance in a saturated 
hydro-mechanical coupled system is (Lewis and Schrefler, 1987) 
T T T0 ( ) 0
3
w
s
pd d d
t t K t t
δδδ δ δΩ Ω Ω
∂ ∂Ω − Ω − − Ω − =∂ ∂ ∂ ∂∫ ∫ ∫εε Dm fε D ε D ε m  
  (2.4) 
where 
• sK  is the solid grain bulk modulus 
• f  is the external force 
• t  is time  
• Ω  is the domain of integration  
 
If the pore water pressure wp  in equation (2.4) is replaced by the average pressure p , 
which includes the effects of air, equation (2.4) can be changed to the solid balance 
equation for unsaturated conditions. The significance of p  will be discussed in the next 
section.  
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2.3.2 Formulation of fluid phase of coupled model for saturated and unsaturated 
conditions 
Because it is impossible to get an analytical solution to the fluid velocity within the pore 
space of a porous medium, due to its geometrical complexity, Darcy's law is used to 
define a fictitious seepage velocity for the porous medium. It may be obtained by using 
experiments on water flow through soil or rock beds. In earth sciences, it is the basis of 
fluid permeability and a widely used constitutive equation in fluid dynamics when 
considering porous media (Darcy, 1856).  
 
Darcy's law is defined for water saturated rock or soil as  
 wk pθ= − ∇u  (2.5) 
where 
• u  is the flux, often referred to as the Darcy flux 
• ∇  is the gradient vector 
• θ  is the dynamic viscosity of the pore water 
• k  is the absolute permeability of the medium with respect to water flow. Note 
that, in this thesis, the absolute permeability is assumed to be constant to simplify 
the discussion. Some research has shown the absolute permeability to be a 
function of porosity (Do N. Guimarães et al., 2006). 
 
The Darcy flux is related to the pore velocity and porosity by  
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 φ=u v  (2.6) 
where 
• v  is the pore velocity   
• φ  is the porosity of the porous medium  
 
For multiphase flows, Darcy’s law can be written as  
 iii
i
k pθ= − ∇u  (2.7) 
where 
• iu  is the i th flux  
• ik  is the absolute permeability of the medium with respect to phase i  
• iθ  is the i th fluid dynamic viscosity.  
 
Multiphase flow reduces the permeability of the medium to the mixture, as well as to the 
fluids individually. Thus Darcy’s law may be modified using a relative permeability 
function ( )irik S  to give (Plummer, 1937)   
 ( )
i
iri i
i
i
k S k pθ= − ∇u  (2.8) 
in which iS  is the volume fraction of the pore space occupied by the i th phase. An 
analytical function (Corey, 1954; Leverett, 1941) and experimental data (Buckley and 
Leverett, 1942; Scheidegger, 1974) for both absolute permeability and relative 
permeability have been provided. The relative water permeability rwk  has an influence 
on water flux and Fig 2.5 shows a simple test of relative permeability in a very sandy soil.  
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The higher the saturation of the water, the higher the relative permeability of the water. 
This figure also provides a relationship between saturation change and gas relative 
permeability, although, since gas transport does not feature in this thesis, the details will 
not be discussed here.    
 
The single phase (water) flow equation can be defined as (Crichlow, 1977) 
 (rate of fluid accumulation) + ( ) 0wtρ∇ ⋅ =u  (2.9) 
in which wtρ  is the water density. By introducing Darcy’s law, the equation becomes  
 (rate of fluid accumulation)+ ( ) 0
w
wtk pρθ∇ ⋅ − ∇ =  (2.10) 
In this thesis the analysis has been simplified by neglecting gravitational forces. Hence, 
the water equation for saturated and unsaturated conditions is then as follows (Li and 
Zienkiewicz, 1992): 
 
For saturated flow:  
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m D ε m Dmm  (2.11) 
For unsaturated flow:  
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 (2.12) 
where 
• wS  is the degree of saturation of water, which defines the volume fraction of the 
pore space occupied by the water 
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• p  is the average pressure (Bear, 1972), w w g gp S p S p= + , where gp  is the gas 
pressure and gS  is saturation of gas. The relationship between gS  and wS can 
be defined as 1w gS S+ = . There is also an alternative assumption which is widely 
used in the recovery procedure of bitumen that the pore pressure acting on the soil 
grains is wp . In this case, it is assumed that only the water phase is in contact with 
the solid grains. Further details of these two assumptions are found in Li and 
Zienkiewicz (1992).  
• wQ  is the water source term  
• T
t t
∂ ∂=∂ ∂
vε εm : Rate of change of total strain 
• (1 )
sK
φ− p
t
∂
∂ : Rate of change of the grain volume due to fluid pressure changes 
• 
w
w
t
S
t
φρ ∂∂ : Rate of change of water saturation  
• 
w
w tS
t
ρφ ∂∂ : Rate of change of water density 
• 
T
3 3s s
p
K t K t
⎛ ⎞∂ ∂− +⎜ ⎟∂ ∂⎝ ⎠
m D ε m : Rate of change of grain size due to effective stress 
changes 
t
′∂
∂
σ .  
 
2.3.3 Formulation of chemical transport in porous media 
The classical hydro-mechanical coupled equations for saturated and unsaturated models 
have been introduced above, whereas this section briefly introduces chemical transport in 
water flow. The analysis of chemical effects is still at the forefront of research in porous 
media. In very low permeability materials, such as host rock or clay, by neglecting the 
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convection term the diffusion term can be written as (Ghassemi and Diek, 2003)    
 0Tc D cφ − ∇ ∇ =  (2.13) 
where D  is diffusion coefficient, c is the chemical mass fraction which can be defined as  
 
c
fc
ρ
ρ= , 
f c dρ ρ ρ= +   (2.14) 
and where cρ  is the intrinsic solute mass density, dρ is the intrinsic diluent mass 
density and fρ is the solution density.  
 
The developments associated with the coupled modelling of chemical processes deserve 
particular attention, since this thesis focuses on such chemical processes. Specifically, it 
concerns chemical transport in a porous medium with very low permeability; that is, it 
involves chemical osmosis. An example of such a system would be a host rock or bentonite 
buffer with a saturated permeability of the order of 13 1410 10 m/s− −− (Chen et al., 2007).  
 
“In biological science, chemical osmosis is the diffusion of a solvent (frequently water) 
through a semi-permeable membrane, from a solution of low solute concentration (high 
water potential) to one with high solute concentration (low water potential), up a solute 
concentration gradient” (Haynie, 2001). Fig 2. 6 shows the mechanics of osmosis for an 
ideal semi-permeable membrane. Since the size of the membrane pores can be considered 
smaller than the solute molecules but larger than the solvent molecules, the solvent can 
cross the membrane, but the molecules of the solute cannot. In the figure, PΔ  is the 
osmosis pressure, which is the difference in the fluid pressure either side of the 
membrane. 
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For a non-selective membrane, since the size of the membrane pores can be considered 
larger than both the solute molecules and the solvent molecules, the membrane can be 
crossed without any specific restriction; that is, the semi-permeable membrane effect 
disappears. Actual semi-permeable osmotic membranes fall between ideal semi-permeable 
membranes and non-selective membranes. Because of its low permeability, a host rock or a 
bentonite buffer (for example) can behave as an actual semi-permeable membrane (Chen et 
al. 2007). 
 
Due to the semi-permeable membrane nature of host rock or clay, Darcy's transport law 
should be changed to include the effects of chemical osmosis, since the transport of 
chemicals induces additional driving forces for osmotic consolidation (Kaczmarek, 2001; 
Kaczmarek and Hueckel, 1998). In chapters 6 and 7, the extension of unsaturated Darcy's 
transport law for chemical transport considering chemical osmosis will be presented, and 
osmotic consolidation will be analyzed.  
 
2.3.4 Further research in the mechanics approach  
This section gives an overview of coupled model research beyond that which has been 
introduced above. Significant advances have recently been made in the development of 
complex models for the analysis of coupled problems in unsaturated rocks or soils. This 
section gives an introduction to some of this further research. 
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(1) Multiphase flow coupling in deformable materials  
In sections 2.2.2 and 2.2.3, gas transport has not been considered and gas pressure is 
assumed to be 0 to simplify the discussion for the work in this thesis. However, gas 
transport and associated effects have been analysed by some researchers. For example, Li 
et al. (1990) formulated basic “governing equations for the interaction of two immiscible 
fluids within a deforming porous medium” based on generalized Biot theory. They applied 
the finite element method to “discretize the governing equations in space and presented 
examples to illustrate the performance and capability of the approach”. Li and 
Zienkiewicz (1992) then developed a basic numerical model for a porous medium 
interacting with the flow of multiphase immiscible fluids. They also established a general 
formulation for effective stress (Li and Zienkiewicz, 1992; Li et al., 1990).  
 
(2) Thermo coupling in deformable materials  
Constitutive modelling for thermo-hydro-mechanical coupling, including the effects of gas 
transfer and deformation characteristics of rock or soil, has been conducted. Thomas et al. 
(1994) developed a constitutive model for thermo-hydro-mechanical coupling, in which the 
effects of air transfer and deformation characteristics of the soil were included. They also 
derived “constitutive relationships to accommodate non-linear elasticity, thermoelasticity 
and elasto-plasticity”. Olivella et al. (1994) developed a model for multiphase flow in 
non-isothermal unsaturated soils. They proposed a general formulation for the 
non-isothermal “multiphase flow of brine and gas through a saline medium” for which salt, 
water, air mass and internal energy balance equations were established (Olivella et al., 
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1994). Gawin et al. (1995) developed a fully coupled numerical model to simulate slow 
transient phenomena, which took account of heat transfer through conduction and 
convection as well as the latent heat transfer (evaporation and/or condensation) (Gawin et 
al., 1995). Thomas and He (1997) presented a formulation for coupled heat and moisture 
transfer in a deformable partially saturated soil. They took account of the coupling effect of 
temperature gradient and deformations on flows in a porous medium (Thomas and He, 
1997).  
 
(3) Chemical coupling in deformable materials.  
Recently, chemical coupling has attracted much attention because of the needs from the 
geoenviromental and nuclear waste disposal industries. Thomas et al. (2001, 2002), Gens 
(2002) and Seetharam et al. (2007) developed a new coupled chemo–thermo–hydro– 
mechanical model for unsaturated soil, based on a mechanics approach. The flow 
behaviour was defined by the conservation of mass or energy equations, and the 
mechanical behaviour by a single stress-strain equilibrium equation.  Li et al. (2006) 
developed a hierarchical mathematical model of coupled chemo-thermo-hydro- 
mechanical behaviour in concrete at high temperature.  They modelled “the concrete as 
an unsaturated deforming reactive porous medium filled with two immiscible pore fluids”. 
In this model, they took account of the chemical effects of the desalination, the 
dehydration processes on the material damage, the degradation of the material strength 
and the thermo-induced desalination process (Li et al., 2006).  
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Most recently, Seetharam et al. (2007) have analysed a multi-component chemical transport 
theory and its cross couplings with other primary variables for clay. They incorporated 
geochemical interactions “by linking a geochemical model with the system of coupled flow 
and deformation equations”. They also demonstrated a stable solution of the model and 
produced results that were qualitatively consistent with observed behaviour.  
 
2.4 Mixture theory and modified mixture theory 
 
An advantage of the mechanics approach is its practicality, since the equations may be 
specially developed for the intended application. However, “This interesting technique 
suffers from the fact that often ad hoc assumptions are made to obtain the final form of the 
conservation equations. This sometimes results in an unsystematic development of the 
formulations” (Laloui et al., 2003). 
 
On the other hand, mixture theory takes account of phase interaction effects and maintains 
the individuality of the solid and fluid phases (Bowen, 1980, 1984; Truesdell and Toupin, 
1960). In particular, constitutive equations for each individual phase have been formulated 
that take account of phase interaction effects. (Note that particle movement has been 
considered in mixture theory.) Research has shown that the theory can give an accurate 
description of the deformation and stress fields under a variety of loading configurations 
(Holmes, 1986; Holmes et al., 1985).  Laloui et al. (2003) commented that “this 
approach seems to provide a more rigorous framework to develop the modelling of 
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multiphase porous media” because it can clearly describe the inter effects between 
multiple phases without the need for the averaging assumption. However, mixture theory 
has two disadvantages. Firstly, it relies on information describing the interaction between 
the different phases, which can be difficult to obtain. Secondly, it may provide an 
over-detailed description of the constitutive response: indeed, the details are often beyond 
those needed for practical purposes and may be difficult to validate by experiment 
(Heidug and Wong, 1996).    
 
Modified mixture theory does not explicitly discriminate between the solid and fluid 
phases, but views a fluid-infiltrated rock as a single continuum. Thus, this theory did not 
consider the particle movements as in mixture theory in which solid particle transport in 
flows causes more interactions between solid/fluid and solid/solid. Modified mixture 
theory ignores dissipation caused by friction between solid particles in Mixture theory by 
using the Biot poro-elasticity assumption. It is based on both the classical Biot’s theory 
and non-equilibrium thermodynamics. Essentially, it tries to take advantage of both 
approaches, while keeping a balance between them. Thus, such model is simpler than 
mixture theory, but at the same time keeps the theory systemic. Further advantages of 
modified mixture theory will be discussed in Chapter 8 when concluding the thesis.  
 
Further research work has been done based on modified mixture theory for different 
aspects of electro coupling for saturated geomaterials (Gajo et al., 2001; Gu et al., 1999; 
Huyghe and Janssen, 1999; Moyne and Murad, 2002). The mixture included solid, fluid, 
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anions, cations and neutral solutes and the mixture as a whole was assumed to be locally 
electro-neutral. Recently, a sensitivity analysis of the model input parameters influencing 
the material behavior in response to chemical transport was conducted (Kaczmarek and 
Kazimierska-Drobny, 2007). 
As far as the Author knows, no work has been reported on the development of unsaturated 
models based on modified mixture theory. This thesis extends modified mixture theory to 
include unsaturated conditions and is supported by benchmark numerical studies. Since 
the major part of modified mixture theory is based on thermodynamics, the next section 
introduces thermodynamics and non-equilibrium thermodynamics theories.  
 
2.4.1 Thermodynamics theory  
Thermodynamics is a branch of physics and chemistry. It focuses on the “effects of 
changes in temperature, pressure and volume on physical systems at the macroscopic 
scale, by analyzing the collective motion of their particles using statistics” (Callen, 1985).  
 
“An important concept in thermodynamics is the ‘system’. Everything in the universe 
except the system is known as the ‘surroundings’”(www, 2010e). A system is separated 
from the surroundings by a boundary which may be imaginary or not, but which by 
convention defines a finite volume. “The possible exchanges of work, heat, or matter 
between the system and the surroundings take place across this boundary. There are four 
types of boundaries: imaginary, real, moveable and fixed.” (Van Ness, 1969; www, 
2010f). In addition, the following terms are worth noting: 
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Systems:  
• A closed system allows exchange of heat or thermal energy, but not of matter, with 
the surroundings. 
• An open system allows exchange of both energy and matter.  
 
“Entropy is a measure of the unavailability of a system’s energy to do work” (John, 2005). 
 
Intensive properties (Van Ness, 1969) are physical properties of a system that do not 
depend on the system size or the amount of material in the system, for example: 
temperature, pressure, chemical potential and density.  
 
Extensive properties (Van Ness, 1969) are physical properties of a system that depend on 
the system size or the amount of material in the system, for example: mass, volume, 
entropy, energy and heat.  
 
Most thermodynamic considerations begin with the laws of thermodynamics, which 
describe the exchanged energy between physical systems as heat or work (Van Ness, 
1969). The First Law of Thermodynamics (conservation of energy) states that the change 
in internal energy of a closed system is equal to the heat energy supplied to the system and 
the work done by the system, that is   
 sdU q Wδ δ= −  (2.15) 
  65
where U  is the internal energy of a thermodynamic system, q  is the heat and sW  is 
the work done by the system. Note that, qδ  describes an increment of energy which is to 
be interpreted slightly differently from the dU increment of internal energy; specifically, 
qδ  and sWδ  are the infinitesimal heat and work which are not exact differentials. If 
sW pdVδ = , in which  p is the pressure and V is the volume of the system, and if, for a 
reversible process, the total amount of heat added to a system can be expressed as δq= 
ETdS ,  in which ES  is entropy and T is the temperature, then the first law can be 
written as 
 EdU TdS pdV= −  (2.16) 
 
The Second Law of Thermodynamics (entropy) states that “the total entropy of any 
isolated thermodynamic system tends to increase over time, approaching a maximum 
value”. The existence of a quantity named entropy is assumed, which can be defined for 
any system as (Dugdale, 1998)  
 q N
T
δ = −∫  (2.17) 
where N is the "equivalence-value" of all uncompensated transformations, in which a 
transformation shows the change in a system's thermodynamic properties (e.g. T and ES ) 
involved in a cyclical process. For a closed system:  
 0EdS
dt
≥  (2.18) 
 
2.4.2 Non-equilibrium thermodynamics theory  
Non-equilibrium thermodynamics is a branch of thermodynamics which has developed as 
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an extension of classical thermodynamics. It is useful for open systems, time-dependent 
systems and irreversible transformations. It defines real systems which are not in 
equilibrium in nature (Groot and Mazur, 1962).  
 
The Helmholtz energy is a thermodynamic potential.  It measures the “useful” work 
obtainable from a thermodynamic system at a constant temperature. The Helmholtz 
energy is defined as (Levine, 1978), 
 EH U TS= −  (2.19) 
where H  is the Helmholtz energy. 
 
In a thermodynamical system, the relationship between changes in chemical potential for 
a member of components is described by the Gibbs-Duhem equation (Moran and Shapiro, 
2000), which states that intensive properties are not independent but related in 
thermodynamics, i.e. 
 
1
0
k
E i i
i
S dT Vdp n dμ
=
− + =∑  (2.20) 
where i  is the i th component, in  is the number of moles of the i th component, and 
idμ  is the incremental increase in chemical potential iμ  for this component. 
 
2.4.3 Fluid theory  
“Reynolds transport theorem is a fundamental theorem used in formulating the basic 
conservation laws of fluid dynamics” (Potter and Foss, 1982; www, 2010c). If sysN  is 
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defined as one kind of extensive property, the rate of change of sysN  equals the time rate 
of change of sysN  within the control volume and the net rate of flux of the property sysN  
through the control surface. Fig 2. 7 shows the concept of Reynolds transport law (www 
2.3).  
The equation of Reynolds transport theorem is defined as  
 
. . . . . .
( )sys N N Nb rc v c s c s
DN
dV dA dA
Dt t
ρη ρη ρη∂= + ⋅ + ⋅∂∫ ∫ ∫υ n υ n  (2.21) 
where 
• . .c v  is the control volume and . .c s  is the control surface 
• Nη is the intensive property related to the extensive property N  
• υb  is the velocity of the boundary of the control volume (the control surface) and 
υr  is the velocity of the fluid with respect to the control surface 
• n  is the outward pointing normal vector on the control surface and A  is the 
surface area. 
 
2.5 Solution procedures and program introduction 
 
In the literature, there are two main procedures for approximating the solution of coupled 
governing equations: uncoupled solutions and coupled solutions. In this thesis, the 
coupled finite element technique has been used. 
 
The finite element method is used to solve partial differential equations (PDE) as well as 
integral equations, and it originated from the need for solving complex elasticity and 
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structural problems. Its development goes back to the work by Richard Courant (Courant, 
1937) and Alexander Hrennikoff (Hrennikoff, 1941), whose contributions were based on a 
large body of earlier results for PDEs developed by Rayleigh and Ritz (MacDonald, 1933) 
and Galerkin (Brenner and Scott, 2005). A rigorous mathematical foundation for the finite 
element method was demonstrated by (Strang and Fix, 1973). Since then “it has been 
generalized into a branch of applied mathematics for the numerical modeling of physical 
systems in a wide variety of engineering disciplines” (www, 2010d). It is used widely in 
geomechanics (Lewis and Schrefler, 1987; Smith and Griffiths, 2004; Zienkiewicz, 1977).  
 
The solution of the coupled equations for a single saturated fluid phase in a porous medium 
can be found in Lewis and Schrefler (1987). Specifically, the two governing equations 
representing mechanical deformation (equation (2.4)) and water flow distribution 
(equation (2.11)) are solved simultaneously. These two equations are repeated here as 
follows:     
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pd d d
t t K t t
δδδ δ δΩ Ω Ω
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The displacement vector is defined as { }T1 2 3, ,d d d=d , dN is the interpolation function 
for displacement and pN  is the interpolation function for pore water pressure 
wp . Thus 
 = dd N d  (2.24) 
 =ε Bd  (2.25) 
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 w wpp = N p  (2.26) 
where d  and wp  are expressed in terms of their nodal values d  and wp . The final 
discretised matrix equations are given as:  
 w+Kd Ap = f   (2.27) 
 0w w+ =TA d + Sp Hp   (2.28) 
where 
• T dΩ= − Ω∫K B DB  and Ω is the element volume 
• ( )
3 ps
d
KΩ
= − − Ω∫ T DmA B m N , in which sK is the bulk modulus of the solid 
• T 21( )3
T
p p
s s
d
K K
φ
Ω
−= − − Ω∫ m DmS N N .  
• ( / )P Pk dθΩ= ∇ Ω∫ TH ( N ) (N )  
Equations (2.27) and (2.28) can be rewritten as  
 d
dt
+ =XB CX F  (2.29) 
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Using the classical one step finite-difference scheme (Necati Czisik, 1994), the first order 
equation (2.29) can be integrated to give the solution. The finite element formulation for 
unsaturated coupled models will be introduced later, in chapters 4, 5 and 7.  
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The finite element programs developed this thesis are mainly based on Matlab and 
Compaq visual Fortran 6. The basic program for Biot’s consolidation can be found in 
Smith and Griffiths (2004).  
 
The numerical solution of coupled porous media problems offers a wide range of 
challenges; for example, usually unsymmetric coefficient matrices, highly nonlinear 
problems caused by the relation between relative permeability-saturation and capillary 
pressure-saturation and so on. Since this thesis is focused on the overall constitutive 
model framework, instead of new and more robust solution and computational 
procedures, the program developed in this thesis is based on traditional methods (Lewis 
and Schrefler, 1987; Smith and Griffiths, 2004). The success of solving coupled problems 
is strongly connected to the processes involved in the analysis, such as the quality of the 
finite element mesh, time stepping scheme, etc.; in this thesis the strategy of ‘trial and 
error’ has been used.   
 
The hydro-mechanical (HM) coupled program is based on the validated published 
program by Smith and Griffiths (2004). The unsaturated hydro-mechanical (UHM) 
program developed by the Author has been validated by using unsaturated benchmark 
numerical examples. Note that, in chapters 3 and 5, the swelling effects will be discussed. 
The HM and UHM programs for non-swelling rock are also validated for swelling rock. It 
can be seen by comparing the final finite element formulations for swelling rock in 
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chapters 3 and 5 with corresponding non-swelling formulations in section 2.5 of chapter 2 
and chapter 4, respectively, that the influence of the swelling term on the program is 
equivalent to a reduction in the Biot coefficient. For example, the swelling matrix 1A  
can be reduced to matrix A  in equation (3.51) in chapter 3 by reducing the coefficient 
ζ  to (ζ - w
t
ω
ρ ), in which wt
ω
ρ is a swelling parameter which will be introduced in chapter 
3.   
 
The validation for the unsaturated hydro-mechanical-chemo (UHMC) program with 
osmotic flow is a little difficult due to a lack of information from publications; therefore, 
in chapter 7, the coupled processes have been investigated in detail, revealing encouraging 
results.  
 
2.6 Summary   
 
In this chapter, a general introduction to the relevant literature has been presented. 
 
The basic concepts of the mechanics approach have been discussed: in particular, the solid 
and fluid equations have been presented in detail and will be compared with those derived 
using modified mixture theory in later chapters.  
 
Mixture theory and modified mixture theory have also been introduced. Compared with 
the mechanics approach, mixture theory is based on non-equilibrium thermodynamics, 
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whereas modified mixture theory is based on both non-equilibrium thermodynamics and 
Biot’s elasticity. Thermodynamics and non-equilibrium thermodynamics have been 
discussed, and the review has included systems, intensive and extensive properties, basic 
laws, Helmholtz energy and the Gibbs-Duhem equation. These are basic theories for the 
research. Phenomenological equations and Reynold’s transport law provide the foundation 
theory for the fluid flux.  
 
Various solution strategies have been presented. This thesis uses classical coupled 
solutions that have been developed by previous researchers.    
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Fig 2. 1 Porous medium (www, 2010g) 
 
 
Fig 2. 2 An illustrative example of vertical moisture distribution (Bear, 1972) 
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Fig 2. 3 Desaturation stages (Childs, 1969) 
 
 
Fig 2. 4 Hysteretic phenomenon in unsaturated soil mechanics (Bear, 1979) 
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Fig 2. 5 Influence of water saturation on relative permeability for a sandy soil (Corey, 1957) 
 
 
Fig 2. 6 Osmosis (www, 2010a) 
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Fig 2. 7 Reynolds transport law (www, 2010b) 
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Chapter 3: SATURATED HYDRO-MECHANICAL 
COUPLED MODEL BASED ON MODIFIED MIXTURE 
THEORY 
 
3.1 Introduction  
 
A basic isothermal hydro-mechanical coupled model for the hydration swelling of 
saturated rock is discussed in this chapter, which leads to the development of an 
unsaturated model in later chapters. It is based on modified mixture theory and focuses on 
hydration swelling which is caused by the water double-layer and other hydro forces.  
 
Heidug and Wong (1996) analyzed swelling effects accompanied with chemical transport. 
If chemical transport occurs through shales, it might cause swelling. However, there are 
still a few questions not answered about swelling in rock: (1) does water cause rock 
swelling without any other chemical transport? (2) If water causes swelling, then what is 
the reason and function of such kind of swelling? In fact, swelling effects can be divided 
into three different components as introduced in chapter 2 (Einstein, 1996): hydration 
swelling, osmotic swelling and mechanical swelling. Hydration swelling is caused by 
multi-layer water molecules being absorbed into clay platelets; osmotic swelling is 
because of osmotic flow from lower chemical concentration parts to higher parts, 
mechanical swelling cause by negative pore water pressure. The driving forces of these 
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three different swellings are significantly different and pure water chemical potential is 
different from solution chemical potential. This chapter follows the concept of Heidug and 
Wong, but focuses on pure water chemical potential (without any chemical involved). In 
section 3.3.3, Darcy’s law which is just for water flow is derived from non-equilibrium 
thermodynamics, and in section 3.4.2, pure water chemical potential in pore and clay 
platelets has been studied and analysed. Even though the final formulation seems the same 
with HM formulation from Heidug and Wong (1996) (uncoupled chemical directly from 
final formulation of their work), the physical meaning of swelling terms ω  and B  are 
different. Finally, a numerical example shows hydration swelling and mechanical swelling 
which is quite different from combination swelling (Heidug and Wong, 1996).    
 
Hydration swelling is the most common problem encountered in practice. In any case, the 
combined effects of consolidation and hydration swelling need more discussion. In 
hydration swelling, it is the chemical potential of water that is the most important driving 
force. Therefore, this chapter focuses on the chemical potential of water, the influence of 
this on pore water pressure, and the coupling between the water chemical potential and 
host rock. This has resulted in the derivation of a simpler coupling between only the water 
and solid phases; that is, further couplings including chemical effects have not been 
considered.  
 
A simple boundary value problem has been considered for testing the numerical 
implementation of the hydro-mechanical model, with the boundary conditions prescribed 
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to suit the modelling of hydration swelling and consolidation. The swelling effects have 
been analysed for different swelling parameters. 
 
3.2 Modified mixture theory 
 
In mixture theory, a material point αX for the α th phase in an arbitrary reference 
configuration is given. At time t , its position αx can be defined as  
 ( , )tα α α=x x X   (3.1) 
The mass density of the α th phase (which can be either a solid or fluid phase) can be 
defined in two different ways: that is, either based on the volume of the whole mixture as 
( , )tαρ x , or based on the volume that the constituent phase occupies as ( , )t tαρ x , in 
which the subscript t indicates that this is the “true” density. Hence, if the volume fraction 
of the α th phase is  
 dV
dV
α
αφ =  (3.2) 
where Vα  and V are the volumes of the phase and mixture, respectively, the relationship 
between ( , )tαρ x  and ( , )t tαρ x is given by 
 ( , ) ( , )tt t
α α αρ φ ρ=x x  (3.3) 
 
In a solid-water coupled field, i.e. for a saturated material, the water component mass 
density wρ  may be related to the unit volume of the fluid-solid mixture via mixture 
theory. Thus it may be related to the true mass density wtρ  through  
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 w w wtρ φ ρ=  (3.4) 
in which wφ  is the volume fraction of water which equals the porosity of the medium for 
a saturated material.  
 
3.3 Balance laws and entropy inequality 
 
3.3.1 Balance equations for solid and fluid mass 
Let V denote the volume of an arbitrary domain within the rock and S its boundary, which 
is attached to the solid phase (that is, there is no movement of solids across the domain 
boundary; only movement of fluid).  The balance law for the α th phase is given by 
 ( )s
V S
D dV dS
Dt
α α αρ ρ= − ⋅∫ ∫ v v n  (3.5) 
where n  is the unit outward normal, αv  is the velocity of the α th phase, sv  is the 
velocity of the solid, and the material time derivative following the motion of the solid is  
 st
D
Dt
= ∂ + ⋅∇v  (3.6) 
where t∂  is the time derivative and ∇  is the gradient. Thus, the balance equation for 
the solid mass is 
 0s s sρ ρ+ ∇ ⋅ =v  (3.7) 
and for the water it is 
 0w w s wρ ρ+ ∇ ⋅ + ∇⋅ =v I  (3.8) 
where wI  is the mass flux of the water defined as  
 ( )w w w sρ= −I v v  (3.9) 
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and wv  is the velocity of the water. 
 
3.3.2 Balance equation for Helmholtz free energy 
For a constant temperature (T) field in the absence of chemical reactions, it is convenient 
to use Helmholtz free energy (Haase, 1969), which combines both internal energy and 
entropy.  
 
The balance of internal energy is  
 ( )s w w
S S
V
D dV dS h dS
Dt
ε = ⋅ − ⋅∫ ∫ ∫σv - q n I n  (3.10) 
where ε  is the internal energy density, σ  is the Cauchy stress tensor, q  is the heat 
flux and wh is the enthalpy density of water. The body force is assumed to be absent, to 
simplify the model and to focus on the swelling analysis. The balance of entropy is 
 w
S S V
V
D dV dS dS dV
Dt T
η η γ= ⋅ + − ⋅ +∫ ∫ ∫ ∫-q n I n  (3.11) 
in which η is the entropy density and γ  is the entropy production per unit volume.  
 
The Helmholtz free energy density is defined as Tψ ε η= −  and the chemical potential 
as wh Tμ η= − . Hence, the balance equation for Helmholtz free energy is 
 s w
S S V
V
D dV dS dS T dV
Dt
ψ μ γ= − ⋅ − ⋅ −∫ ∫ ∫ ∫σn v I n  (3.12) 
By using Reynold’s transport theory, the derivative version of the balance equation for the 
free energy can be expressed as   
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 ( ) ( ) 0s s w Tψ ψ μ γ+ ∇ ⋅ − ∇ ⋅ + ∇ ⋅ = − ≤v σv I  (3.13) 
 
3.3.3 Entropy inequality 
Here, a single dissipation mechanism is assumed; namely, the friction generated at the 
solid/water boundary when the water moves through the porous skeleton. Thus a 
macroscopic expression for the dissipation generated by the frictional resistance at the 
interface can be obtained by using standard arguments of non-equilibrium 
thermodynamics (Katachalsky and Curran, 1965), that is  
 0 wTγ μ≤ = − ⋅∇I  (3.14) 
in which μ  is the chemical potential of water.  
 
By using the Gibbs-Duhem equation for a fluid at constant temperature (equation (2.20)) 
(Katachalsky and Curran, 1965), the relationship between water pressure and water 
chemical potential is obtained as   
 w wtp ρ μ∇ = ∇  (3.15) 
in which wp  is the pore water pressure. Also, the Darcy flux may be defined by 
 ( )w w sφ= −u v v  (3.16) 
Hence, by using equations (3.9), (3.15) and (3.16), the dissipation function (3.14) can 
be rewritten as   
 0 wT pγ≤ = − ⋅∇u  (3.17) 
 
The relationship between the flow wtρ u  and driving force p∇  is obtained with the 
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help of phenomenological equations (Katachalsky and Curran, 1965) which express the 
linear dependence of flow on the corresponding force. This leads to the linear relationship  
 ( / )w s w wt tL pρ ρ= − ∇u  (3.18) 
where sL  denotes a phenomenological coefficient. Here, Darcy’s law is defined as  
 ( )wk pθ= − ∇u  (3.19) 
where θ  is the fluid dynamic viscosity, k  is the absolute permeability and 
2( /( ) )s wt
kL ρ θ= . 
 
3.4: Stress─strain response from thermodynamics 
 
The constitutive equations for the stress and strain response are formulated by considering 
non-equilibrium thermodynamics. 
 
3.4.1 Basic equation of state for large deformation   
From classical continuum mechanics, the rock’s deformation state can be defined. The 
starting equations in the derivation process are 
 ( , )t∂= ∂
xF X
X
, 1 ( )
2
= −TE F F I , 
0
dVJ
dV
= , sJ J= ∇ ⋅ v  (3.20) 
where X  is an arbitrary reference configuration, x  is the position at the time t , F  is 
the deformation gradient and J is the Jacobian of F , E  is the Green strain, V  is the 
volume of the current configuration and 0V  is the volume of the reference configuration. 
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It is assumed that the rock maintains mechanical equilibrium, so that ∇ ⋅ =σ 0 . (The body 
force is assumed to be absent.) By using equations (3.14) and (3.13), for entropy 
production and Helmholtz free energy density balance, the balance equation for ψ is 
derived as  
 ( ): 0s wψ ψ μ+ ∇ ⋅ − + ∇ ⋅ =sv v I σ ∇   (3.21) 
By using equations (3.20), equation (3.21) can be rewritten as  
 ( )tr mμΨ = +TE    (3.22) 
  JψΨ = , w w wtm J Jρ φ ρ= =  (3.23) 
where T is the second Piola-Kirchhoff stress, σ  is the Cauchy stress, Ψ  is the free 
energy density in the reference configuration and m  is the mass of water per unit 
referential volume. 
 
3.4.2 Helmholtz free energy density of the pore water and wetted mineral matrix   
In water absorbing (that is, clay-rich) rocks, fluid resides between individual clay platelets 
or in the pore spaces. Water in the pores does not feel the effect of intermolecular forces, 
because the pore dimensions are much larger than the distances over which intermolecular 
forces are active (Israelachvili, 1991). Thus, thermodynamic relations can be used for bulk 
fluids (that is, the water in the pores). 
 
If the mass density per unit fluid volume is defined as poretρ  and the Helmholtz free 
energy density of the pore water is poreψ , then, based on classical thermodynamics, the 
free energy density can be expressed as  
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 w porepore tpψ μρ= − +  (3.24) 
Also, according to the Gibbs-Duhem equation, 
 w poretp ρ μ=   (3.25) 
From equation (3.24) 
 w pore porepore t tpψ μ ρ μ ρ= − + +    (3.26) 
and so, by introducing equation (3.25), 
 porepore tψ μ ρ=   (3.27) 
 
The free energy density of the wetted mineral matrix can be defined as (Heidug and 
Wong, 1996)        
 ( ) ( )w wpore boundJ tr m pφ ψ μ υΨ − = + +TE    (3.28) 
where wJυ φ=  is the pore volume per unit referential volume, and where 
w pore
bound tm m Jφ ρ= −  is the referential mass density of the bound water. 
 
3.4.3 Chemical potential of water     
For reasons of convenience, the dual potential (Heidug and Wong, 1996) is     
 ( )w wpore boundW J p mφ ψ υ μ= Ψ − − −  (3.29) 
where W  is a function of E , p  and μ  and can be viewed as the deformation 
energy. Thus expressions for σ , υ  and boundm  may be obtained. 
 
Differentiating equation (3.29) with respect to time implies that the time derivative of 
( , , )W E p μ satisfies the relationship  
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 ( , , ) ( ) w boundW p tr p mμ υ μ= − −E TE     (3.30) 
Since 
 
,,,
( , , )
ijij
w
ij
ij E pEp
W W WW p E p
E p μμ
μ μμ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂= + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠⎝ ⎠⎝ ⎠
E     (3.31) 
the following equations are obtained: 
 
,
ij
ij p
WT
E μ
⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂⎝ ⎠
, 
,ij
w
E
W
p μ
υ ⎛ ⎞∂= −⎜ ⎟∂⎝ ⎠ , ijbound T
Wm μ
⎛ ⎞∂= −⎜ ⎟∂⎝ ⎠  (3.32) 
If Equation (3.32) is differentiated with respect to time, the fundamental constitutive 
equations for the evolution of stress, pore volume fraction and the mass densities in the 
bound water can be expressed as 
 wij ijkl kl ij ijT L E M p S μ= − +     (3.33) 
 wij ijM E Qp Bυ μ= + +    (3.34) 
 wbound ij ijm S E Bp Z μ= + +    (3.35) 
where the parameters ijklL , ijM , ijS , B , Q  and Z  are material-dependent 
constants defined by the following group of equations:  
 
 
, ,w w
ij kl
ijkl
kl ijp p
T TL
E Eμ μ
⎛ ⎞∂⎛ ⎞ ∂= = ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
 
 
, ,wij
ij
ij w
ijE p
T
M
p Eμ μ
υ⎛ ⎞∂⎛ ⎞ ∂= − = ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
 
 
, ,
w wij
l
ij bound
ij
ijE p p
T mS
E μμ
⎛ ⎞∂⎛ ⎞ ∂= = −⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
 (3.36) 
 
,
w
ij
bound
E p
mZ μ
⎛ ⎞∂= ⎜ ⎟∂⎝ ⎠
 
 
, ,
w
ij ij
bound
w
E p E
mB
p μ
υ
μ
⎛ ⎞⎛ ⎞ ∂∂= = ⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
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,ij
w
E
Q
p μ
υ⎛ ⎞∂= ⎜ ⎟∂⎝ ⎠  
 
3.4.4 Linear isotropic response     
In this chapter, various simplifications have been made to simplify equations (3.33) to 
(3.35), based on physical and geometrical linearization, that is  
(a) The parameters ijklL , ijM , ijS , Z , B and Q  are assumed to be 
material-dependent constants.   
(b) The strains are assumed to be small. Hence the Green Strain tensor ijE  and Piola- 
Kirchhoff stress ijT  can be replaced by the strain tensor ijε  and the Cauchy stress   
ijσ , respectively, that is  
 ij ijE ε= , ij ijT σ=  (3.37) 
where , ,
1 ( )
2ij i j j i
d dε = +  and ( 1,2,3)id i = is the displacement component. 
(c) The material’s constitutive behaviour is assumed to be isotropic and linear elastic.    
Hence the tensors ijM  and ijS  are diagonal and can be written in the form of the scalars 
ζ  and ω  as follows, 
 ij ijM ζδ= ,  ij ijS ω δ=   (3.38) 
Also, the elastic stiffness ijklL can be formed as a fourth-order isotropic tensor, 
 2( ) ( )
3ijkl ik jl il jk ij kl
GL G Kδ δ δ δ δ δ= + + −  (3.39) 
where G is the overall rock shear modulus and K is the bulk modulus.  
 
Next, the governing stress and pore fraction equations, (3.33) and (3.34), can be 
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changed to the form 
 2( ) 2
3
w
ij kk ij ij ij ij
GK G pσ ε δ ε ζ δ ωμδ= − + − +     (3.40) 
 wii Qp Bυ ζε μ= + +     (3.41) 
where the void compressibility Q  relates to the scalar Biot’s constant ζ according to  
(1/ )( )sQ K ζ φ= − , in which sK  is the bulk modulus of the solid grains. Also, 
(1/ )( 1)B K ζ ω= − , and the quantity of ζ  is related to the rock bulk modulus, K  and 
sK , in a poroelastic manner; that is, 1 ( / )sK Kζ = − . From equation (3.25),   
 1( ) ww
t
pμ ρ=   (3.42) 
Hence, the stress and volume fraction equations, (3.40) and (3.41), can be rewritten as    
 2( ) 2 ( )
3
w
ij kk ij ij ijw
t
GK G pωσ ε δ ε ζ δρ= − + − −    (3.43) 
 ( ) wii w
t
BQ pυ ζε ρ= + +    (3.44) 
where , ,
1 ( )
2ij i j j i
d dε = +  and ( 1,2,3)id i = is the displacement component. 
 
3.5: Final equations of motion for modified mixture theory 
 
3.5.1 Solid deformation    
If the mechanical equilibrium condition 
 0ij
jx
σ∂ =∂  (3.45) 
is introduced into equation (3.43), the final equation is 
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22 22( ) ( ) 0
3
jk i
w
k i j j i j t i
dd dG pK G
x x x x x x x
ωζ ρ
⎛ ⎞∂∂ ∂ ∂− + + − − =⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠
  
 (3.46) 
 
3.5.2 Fluid phase    
From equations (3.4) and (3.8), the following equation is derived: 
 ( ) ( ) 0w wt tυρ ρ+ ∇⋅ =u  (3.47) 
With the further assumption that the fluid is incompressible, equation (3.47) can be 
rearranged as   
 0υ + ∇⋅ =u  (3.48) 
Thus, the final control equation for the fluid phase can be written as  
 
2
2( / ) 0
w
w wi
t
i i
d k pQ B p
x x
ζ ρ θ
∂ ∂+ + − =∂ ∂
   (3.49) 
 
The difference between equations (3.46) and (3.49) and the classical Biot consolidation 
equations, (2.4) and (2.11), are the terms / wtω ρ−  and / wtB ρ , which are related to the 
chemical potential of water. If the terms / wtω ρ  in equation (3.46) and / wtB ρ in 
equation (3.49) are ignored, the equations revert to the Biot equations. The term / wtB ρ , 
which is related to water chemistry alterations, is assumed to be zero to simplify the 
discussion. The influence of the term / wtζ ω ρ−  in equation (3.46) is considered in the 
next section by using finite elements. ζ  is known as Biot’s coefficient and ω  is the 
swelling parameter introduced in the new formulation. 
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3.6: Numerical simulation 
 
3.6.1 Experimental setup 
In this chapter, a simple numerical example is considered for illustrative purposes. This is 
based on a standard osmosis-swelling apparatus (Heidug and Wong, 1996; Mody and 
Hale, 1993), but with modified boundary conditions (that is, compared to the usual test) to 
enable easy analysis of the consolidation of swelling rock. 
 
It has been assumed that the potential for the shale to swell does not become exhausted, 
even though it is assumed to be saturated, so that swelling is still caused by multi-layer 
hydro forces. (However, note that mechanical swelling may be caused by increasing water 
pressure after full saturation, and that the model presented here can also be used to analyse 
this.) The swelling parameter ω  should normally be determined by experiment (Gysel, 
1977); to simplify the analysis in this chapter, / wtSw ω ρ=  is defined as a revised 
dimensionless swelling parameter, and its value has been selected so as to ensure that 
expansion of the specimen is of an order less than axial expansions that have been 
measured for high-swelling rocks (that is, of around 0.2-0.5% (Gysel, 1977)). The adopted 
parameter values for the rock sample are given in Table 3.1. 
 
3.6.2 Boundary conditions and initial conditions 
The sign convention is the same as introduced in chapter 2. Fig 3.1 shows a saturated rock 
sample between two stiff and frictionless end boundaries. Initially, the rock sample 
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contains distilled water at a pressure of 3MPa. The water pressure at the free permeable 
boundary A is then increased to 3.02MPa, so that the swelling of the rock may be 
computed due to the change in water pressure. The boundary and initial conditions are 
defined as follows: 
 
(1) Boundary conditions 
Boundary A is free to move horizontally, whereas boundary B is fixed, that is    
d(A,t)=free;  d(B,t)=0 
The water pressure at boundary B is fixed at 3MPa, whereas the water pressure at boundary 
A changes from 3MPa to 3.02MPa, that is  
(A,0) 3MPawp =   to (A, ) 3.02MPawp t = ; (B, ) 3MPawp t =  
In order to ensure a zero initial effective stress, there is an external compressive loading of 
3MPa applied to boundary A.  
 
(2) Initial conditions.  
The initial condition is in mechanical equilibrium and the initial effective stress is 0. The 
initial pore water pressure is 3MPa in the rock sample. The compressive total stress is 
-3MPa initially.  
 
3.6.3 Finite element discretisation 
Finite elements have been used to solve the coupled equations for the consolidation of the 
swelling rock in this one dimensional plane strain analysis. Following preliminary 
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analyses with different meshes, to check on mesh convergence, the shale sample has been 
discretised in the x-direction using 30 elements of equal width and in the y direction using 
1 element. Eight-node quadrilateral elements have been used for modelling the 
displacement field and four-node elements for the pore pressure field (Smith and Griffiths, 
2004). Note that two other similar experimental setups (but with different boundary 
conditions) have been considered for numerical simulation in chapter 5 (unsaturated 
swelling rock) and chapter 7 (chemical osmosis flow in unsaturated rock). The same finite 
element mesh has also been used for these analyses  
 
The displacement vector is given by { }T1 2,d d=d , in which d1 and d2 are the horizontal 
and vertical displacements, respectively, and wp  is pore water pressure. If dN  is the 
interpolation function for displacement and pN  is the interpolation function for pore 
water pressure, then 
 = dd N d   
 =ε Bd  (3.50) 
 w pp = N p   
where d  and wp  are expressed in terms of their nodal values, d  and p , respectively, 
and where ε is the strain field and B contains the derivatives of Nd. The final discretised 
incremental equations are: 
 1+ +Kd Ap A p = f    (3.51) 
 + =TA d + Sp Hp 0   (3.52) 
where 
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• dΩ= − Ω∫ TK B DB  
• pdζΩ= − Ω∫ TA B N  
• 1 pw
t
dωρΩ= Ω∫ TA B N                              (3.53)           
• p pQ dΩ= − Ω∫ TS N N   
• ( / )P Pk dθΩ= ∇ ∇ Ω∫ TH ( N ) ( N )  
in which D is the stress-strain relationship and Ω is the element domain. Classical finite 
difference steps have been adopted to solve equations (3.51)and (3.52).  
 
3.6.4 Numerical simulation analysis 
Figs 3.2 to 3.9 provide illustrative results for two cases: Biot consolidation for both 
nonswelling and swelling rocks. Two values for Sw, 0.0 and 0.2, have been chosen for the 
analysis. When Sw=0.0, the final equations revert to Biot theory as introduced before. 
When Sw=0.2, there is hydration swelling in the rock, which significantly affects the 
coupling between the rock and the water. 
 
Case (1): Biot consolidation analysis 
In the case of Sw=0.0 (non swelling rock), the final coupled equations revert to the classic 
Biot consolidation equations. Initially, the water pressure at boundary A is increased to 
3.02 MPa, so that there is a high pore pressure gradient in the rock near this boundary. 
This causes water to flow from boundary A, through the rock towards the fixed boundary 
B (where the water pressure is maintained at 3 MPa). Fig 3.2 shows the evolution of pore 
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water pressure distribution with time, in which pore water pressure is seen to increase 
with time. Eventually, the pore water pressure reaches a steady condition. Note that the 
symbols in this and later figures (including those figures in other chapters) are to help 
distinguish different lines; hence they do not indicate actual data points. 
     
Figs 3.3 and 3.4 show the evolution of horizontal effective stress and strain distributions 
with time through the rock, and Fig 3.5 shows the corresponding displacement 
distributions. The initial rise in water pressure at boundary A causes the rock sample to 
compress, due to the total stress at boundary A changeing from -3MPa to -3.02MPa. Thus, 
the effective stress at boundary B changes to -0.02MPa, because the pore water pressure at 
boundary B is still 3MPa and the total stress changes to -3.02MPa; in contrast, the 
effective stress at boundary A remains at zero because the pore pressure at boundary A 
equals 3.02MPa (Fig 3.2). The initial effective stress and strain are zero throughout the 
rock sample. However, after the water pressure changes at boundary A, a sudden change 
of effective stress and strain, from 0 to -0.02MPa and from 0 to -7.4E-6 respectively, are 
obtained at boundary B (Figs 3.3 and 3.4). With increasing time, the effective stress and 
strain distributions increase and finally reach steady state conditions after about 1 year. 
The displacements show a similar type evolution: at the initial time, the displacement 
changes in the whole domain are caused by the external loading (water pressure) at the 
boundary A, but due to the transport of water, the displacement reduces over time from 
about 1E-7 m to 0.6E-7 m at boundary B (Fig 3.5).  
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Case (2): Swelling rock analysis 
Figs 3.6 to 3.9 show the differences between swelling rock and non-swelling rock. In Fig 
3.6, the pore water transport speeds for the swelling and nonswelling rocks are the same. 
This is because the influence of water in the clay platelets on water permeability has not 
been taken into account. Thus, the permeabilities for water are the same value in both 
cases.    
 
Figs 3.7 and 3.8 show the evolution of effective stress and strain changes. Since, in 
swelling rock, the water pressure changes in the clay platelets are tensile, this counteracts 
the effects of the compression from pore water pressure, and so the compression effective 
stress of swelling rock is lower than that of non-swelling rock. The difference is caused by 
the swelling pressure. Fig 3.9 shows the displacement change from 1 day to 1 week. The 
change for non-swelling rock is larger than that for swelling rock.  
 
From the above analysis, the swelling rock has a significantly different mechanical 
performance to the non-swelling rock. The swelling parameter is the most important 
parameter to distinguish the different models.  
 
3.7: Conclusions 
 
A coupled hydro-mechanical model, based on non-equilibrium thermodynamics and 
Biot’s theory, has been derived. This formulation incorporates Darcy’s law, which has 
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been established using standard arguments of non-equilibrium thermodynamics. The 
swelling due to water chemical potential has been considered by introducing a swelling 
term into the Biot formulation, enabling the theory to be used for analysing problems 
caused by swelling rocks. 
 
Further theoretical and experimental research are needed to refine this model and the data 
for the swelling parameters should be obtained from experiments. Moreover, several of 
the assumptions made need to be tested by experiments. The assumptions of elasticity and 
isotropic behaviour are not generally warranted in rock research. These two assumptions 
have been made to make the model as simple as possible. Furthermore, since the swelling 
process is very complex, the assumption that the swelling potential is not exhausted needs 
validation by further research.    
 
The chapter has considered only saturated materials. The next step is to extend the 
coupled model for unsaturated rock, in which the swelling phenomenon is more complex 
due to the influence of gas the on pore pressure.
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Fig. 3.1 Saturated rock analysis (not to scale) 
 
 
Fig. 3.2 Evolution of pore pressure distribution with time 
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Fig. 3.3 Evolution of horizontal effective stress distribution with time   
 
 
Fig. 3.4 Evolution of horizontal strain distribution with time  
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Fig. 3.5 Evolution of horizontal displacement distribution with time  
 
 
Fig. 3.6 Evolution of pore pressure distribution with time for swelling and non-swelling rocks
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Fig. 3.7 Evolution of horizontal effective stress distribution with time for swelling and non-swelling 
rocks 
 
Fig. 3.8 Evolution of horizontal strain distribution with time for swelling and non-swelling rocks 
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Fig. 3.9 Evolution of horizontal displacement distribution with time for swelling and non-swelling 
rocks 
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Table 3.1. Material parameters for the rock sample (Heidug and Wong, 1996) 
Parameters  Physical meaning  Values and units 
E  Young’s modulus 2 GPa 
ν  Poisson’s ratio 0.3  
Q  Void compressibility 0.000005 MPa-1 
/k θ  Absolute Permeability/Dynamic viscosity 10−13 m/s (Chen et al. 2007) 
Sw  Swelling parameter 0 or 0.2 (Assumed) 
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Chapter 4: UNSATURATED HYDRO-MECHANICAL 
COUPLED MODEL BASED ON MODIFIED MIXTURE 
THEORY 
 
4.1 Introduction  
 
In this chapter, the previous analysis for saturated rock is extended and an unsaturated 
isothermal coupled model is developed, again based on modified mixture theory. Hence 
the balance equations are derived from the balance laws of free energy, solids and fluids. 
Darcy’s law for unsaturated flow is derived from the dissipation process. By analysing the 
free energy of the wetted matrix, the evolution of stress and pore volume fraction are 
obtained. Using non-equilibrium thermodynamics, unsaturated Darcy’s law can be 
derived. The final coupled equations are the same as those derived from the mechanics 
approach.  
 
The finite element method is used to solve the final coupled equations and a seasonally 
affected tunnel model in France for a nuclear waste disposal project has been analyzed. 
For the numerical simulations in later chapters (chapters 5 and 7), the numerical model 
setup will be similar to that of chapter 3 and attention will be focused on the desaturation 
and chemical transport within the host rock around a nuclear waste container.   
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4.2 Balance equations 
 
As in chapter 3, let V denote the volume of an arbitrary domain and S its boundary. 
Although the domain may change its shape and size during loading, it is assumed that 
there is no movement of solids across the domain boundary; only movement of fluid. The 
problem is further simplified by assuming that the air phase is continuous in the 
unsaturated zone and that it remains at atmospheric pressure, that is 0gp =  (Neuman, 
1975; Safai and Pinder, 1979). 
 
4.2.1 Balance equations for Helmholtz free energy, solid and fluid mass 
Since the gas transport is not considered here, the balance equations for Helmholtz free 
energy, solid mass and water are the same as in chapter 3, and are respectively, (see also 
equations (3.13), (3.7) and (3.8)):    
 ( ) ( ) 0s s w Tψ ψ μ γ+ ∇ ⋅ − ∇ ⋅ + ∇ ⋅ = − ≤v σv I  (4.1) 
 0s s sρ ρ+ ∇ ⋅ =v  (4.2) 
 0w w s wρ ρ+ ∇ ⋅ + ∇ ⋅ =v I  (4.3) 
 
The water component mass density wρ  can be expressed relative to the unit volume of 
the fluid-solid mixture. That is, wρ  is related to the true mass density wtρ  through  
 w w wtρ φ ρ=   (4.4) 
in which wφ  is the volume fraction of water (equation (3.4)).  The relationship between 
wφ  and the porosity of the medium φ  is given by 
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 w wSφ φ=  (4.5) 
where wS is the saturation of the water.  
 
4.3 Dissipative process for unsaturated flow 
 
Since there are three phases (solid, water and air), friction can be generated at the 
solid/water, solid/air and water/air boundaries when the fluids move through the porous 
skeleton. If the air friction is neglected, an expression for the dissipation generated by the 
frictional resistance at the solid/water interface can be given by using standard arguments 
of non-equilibrium thermodynamics (Katachalsky and Curran, 1965), that is (see equation 
(3.14)):  
 0 wTγ μ≤ = − ⋅∇I  (4.6) 
By introducing the Darcy velocity, modifying equation (3.16) through the relationship 
 ( )w w sS φ= −u v v  (4.7) 
and making use of the Gibbs-Duhem equation for the fluid as  
 w wtp ρ μ∇ = ∇  (4.8) 
the relationship for entropy production equation (4.6) can be rewritten by rearranging the 
driving forces and fluxes for unsaturated flow, without considering the gas effects, to give    
 0 wT pγ≤ = − ⋅∇u   (4.9) 
 
The relationship between the unsaturated flow wtρ u  and the driving force wp∇  can be 
found with the help of phenomenological equations (Katachalsky and Curran, 1965). 
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Hence the linear relationship leads to 
 ( / )w u w wt tL pρ ρ= − ∇u  (4.10) 
where uL denotes a phenomenological coefficient for unsaturated flow which is different 
from equation (3.18). If it is also assumed that the water is flowing through an isotropic 
medium, the Darcy law for an unsaturated porous medium may then be derived as 
 ( )wrwkk pθ= − ∇u   (4.11) 
in which θ  is the dynamic viscosity of water, 
u
rw
w
t
k Lk θ ρ= , k is the absolute 
permeability and krw is the relative permeability which is a function of the degree of 
saturation.  
 
  4.4 State equations   
 
In this section, the constitutive equations for the stress and strain response are formulated. 
The differences between the state equations already derived for saturated conditions and 
those derived in this chapter for unsaturated rock are: (1) in unsaturated conditions, the 
average pore pressure p  is used to define the pore pressure; (2) saturation wS  plays an 
important role in the whole analysis (details can be seen from the equations in the 
following sections); (3) the water in the clay platelets will not be included in the analysis 
of unsaturated non-swelling rock in this chapter.   
 
4.4.1 Basic equation  
It is assumed that the rock maintains mechanical equilibrium, so that, in the absence of 
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body forces, ∇ ⋅ =σ 0 . By considering the entropy production (equation (4.6)) and free 
energy balance (equation (4.1)), the equation for ψ  may be rewritten as  
 ( ): 0s s wψ ψ μ+ ∇ ⋅ − + ∇ ⋅ =v v I σ ∇  (4.12) 
Through the consideration of continuum mechanics (equation (3.20)), the rock’s 
deformation state can be measured. By using the partial masses equation (4.3) and 
equation (4.12), this leads to    
 ( )tr mμΨ = +TE    (4.13) 
  JψΨ = , w w wtm J JSρ φρ= =  (4.14) 
where Ψ is the free energy density in the reference configuration and m is the mass 
density of the pore water component in the reference configuration.  
 
4.4.2 Helmholtz free energy of the pore water   
As introduced chapter 3, the water in the pores is not strongly influenced by 
intermolecular and surface forces, because the pore dimensions are much larger than the 
distances over which these forces are active (Israelachvili, 1991). Thus bulk fluids follow 
thermodynamic relations. The difference between the Helmholtz free energy of the pore 
water for saturated and unsaturated rock is due to the effects of the saturation wS , which 
can be seen from following discussion.   
 
If the true water mass density is denoted as wtρ  and the Helmholtz free energy density of 
the pore water is poreψ , then, based on classical thermodynamics, the free energy density 
of the pore water can be written as  
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 w wpore tp Sψ ρ μ= − +  (4.15) 
where p  is the average pressure in the pore space and where the air chemical potential 
has been ignored. 
 
By considering the Gibbs-Duhem equation for a constant temperature field, and  
differentiating with respect to time,   
 w wtp S ρ μ=   (4.16) 
Also, differentiation of equation (4.15) leads to  
 ( )w w w wpore t tp S Sψ μ ρ μ ρ= − + +    (4.17) 
Hence, by substituting equation (4.16) into equation (4.17),  
 ( )w wpore tSψ μ ρ=   (4.18) 
 
4.4.3 Free energy density of the wetted mineral matrix   
The pore volume per unit referential volume is given by Jυ φ= .  Hence, the free 
energy density of the wetted mineral matrix is  
 ( ) ( )w poreJ tr pφ ψ υΨ − = +TE    (4.19) 
 
For reasons of convenience, the dual potential can be expressed as    
 ( )w poreW J pφ ψ υ= Ψ − −  (4.20) 
where W is a function of E and p , so that the expression relating T and υ  can be 
derived. That is, equation (4.20) implies that the time derivative of ( , )W pE satisfies the 
relationship  
 ( , ) ( )W p tr pυ= −E TE    (4.21) 
     109
so that  
 ij
ij p
WT
E
⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂⎝ ⎠
, 
ijE
W
p
υ ⎛ ⎞∂= −⎜ ⎟∂⎝ ⎠  (4.22) 
and also  
 
,,
( , )
ij
ij
ij Ep
W WW p E p
E p μμ
⎛ ⎞ ⎛ ⎞∂ ∂= +⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠⎝ ⎠
E    (4.23) 
If equation (4.22) is differentiated with respect to time, the fundamental constitutive 
equations for the evolution of stress and pore volume fraction can be obtained, that is    
 ij ijkl kl ijT L E M p= −    (4.24) 
 ij ijM E Qpυ = +   (4.25) 
where the parameters ijklL , ijM  and Q  are given by  
 ij klijkl
kl ijp p
T TL
E E
⎛ ⎞∂⎛ ⎞ ∂= = ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
 
 
ij
ij
ij
ijE p
T
M
p E
υ⎛ ⎞∂⎛ ⎞ ∂= − = ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
 (4.26) 
 
ijE
Q
p
υ⎛ ⎞∂= ⎜ ⎟∂⎝ ⎠  
Note that the bound water has not been considered for the non-swelling unsaturated rock; 
thus in equation (4.22), compared with equation (3.32), there is no boundm  term. This 
term will be discussed in chapter 5 for an unsaturated swelling rock.   
 
4.4.4 Linear isotropic response     
Various assumptions may be made to simplify equations (4.24)-(4.25), based on physical 
and geometrical linearization. In this chapter, the same simplifications as in chapter 3 have 
been made, that is:  
(a) The parameters ijklL , ijM  and Q  are assumed to be material-dependent constants.   
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(b) The strains are assumed to be small. Hence the Green Strain tensor ijE  and Piola- 
Kirchhoff stress ijT  can be replaced by the strain tensor ijε  and the Cauchy stress   
ijσ , respectively, that is  
 ij ijE ε= , ij ijT σ=  (4.27) 
where , ,
1 ( )
2ij i j j i
d dε = +  and ( 1,2,3)id i = is the displacement component. 
(c) The material’s constitutive behaviour is assumed to be isotropic and linear elastic.    
Hence the tensor ijM  is diagonal and can be written in the form of the scalar ζ  as 
follows, 
 ij ijM ζδ=   (4.28) 
Also, the elastic stiffness ijklL can be formed as a fourth-order isotropic tensor, 
 2( ) ( )
3ijkl ik jl il jk ij kl
GL G Kδ δ δ δ δ δ= + + −  (4.29) 
where G is the overall rock shear modulus and K is the bulk modulus.  
 
By substituting equations (4.27)-(4.29) into equations (4.24) and (4.25), the governing 
stress and pore fraction equations reduce to    
 2( ) 2
3ij kk ij ij ij
GK G pσ ε δ ε ζ δ= − + −     (4.30) 
 ii Qpυ ζε= +     (4.31) 
where the void compressibility Q  relates to the scalar ζ through the relationship   
 (1/ )( )sQ K ζ φ= −   (4.32) 
The quantity ζ  is known as Biot’s coefficient and is related to the bulk moduli K  and 
sK  in a poro-elastic manner, in which sK  is the bulk modulus of the solid matrix, 
which is here assumed to be very large as in chapter 3. Hence, 
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 1 ( / )sK Kζ = −   (4.33) 
 
4.5 Final field equations   
      
4.5.1 Solid-phase behaviour       
The constitutive equations, (4.30) and (4.31), describe the variation in solid stress and 
volume fraction. These equations should obey the mechanical equilibrium condition, 
 0ij
jx
σ∂ =∂   (4.34) 
 
By considering equation (4.30), this leads to   
 2 ( ) 0
1 2
GG pζν
⎛ ⎞∇ + ∇ ∇ ⋅ − ∇ =⎜ ⎟−⎝ ⎠d d
    (4.35) 
where ν is the Poisson’s ratio.  
 
 
The average pressure in the pores is (Bear, 1972),  
 w wp S p=   (4.36) 
 and its time derivative is given by 
 
w w w w w w w
w w w w w ws
w
Cp S p S p p pp S p S p S p
t t t p t t tφ
∂ ∂ ∂ ∂ ∂ ∂ ∂= + = + = +∂ ∂ ∂ ∂ ∂ ∂ ∂
   (4.37) 
where 
w
s w
SC
p
φ ∂= ∂  in the specific moisture content which is defined in terms of pressure 
and it can be obtained from equation (4.38).   
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The degree of saturation wS is here described by the van Genuchten model (van 
Genuchten, 1980) 
 
1
1( ) 1
mc
w mpS
M
−
−⎡ ⎤= +⎢ ⎥⎣ ⎦
 (4.38) 
where M and m are material constants, and where cp  is the capillary pressure which is 
defined as  
 c g wp p p= −  (4.39) 
 
By using equations (4.36) and (4.37), equation (4.35) can be rewritten as  
 2 ( ) ( ) 0
1 2
w w wsCGG S p pζν φ
⎡ ⎤⎛ ⎞∇ + ∇ ∇ ⋅ − ∇ + =⎜ ⎟ ⎢ ⎥−⎝ ⎠ ⎣ ⎦d d
    (4.40) 
 
4.5.2 Fluid-phase behaviour       
By considering the water partial mass equation (4.3) and the water density equation 
(4.4), the equation for the conservation of water is given by 
 ( ) ( ) 0w w wt tS υρ ρ+ ∇⋅ =u  (4.41) 
From equations (4.31) and (4.11), this leads to  
 2k 0
ww
w w w w w w w wt rw
t t t t
kSS S Qp S p
t t
ρρ ζ ρ φρ φ ρ θ
∂∂ ⎡ ⎤∇ ⋅ + + + + − ∇ =⎢ ⎥∂ ∂ ⎣ ⎦d
   (4.42) 
 
By considering equations (4.36) and (4.37), and also the water density and rate of 
change of saturation function (Lewis and Schrefler, 1987),  
 ( )
ww w w w w w w
t
S Sw
t w w
S S p S p S pC C
t t t K t K t
ρφφ φ φρ
∂∂ ∂ ∂ ∂+ = + = +∂ ∂ ∂ ∂ ∂  (4.43) 
where wK is the bulk modulus of water, equation (4.42) can be rewritten as  
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 2k ( ) ( ) 0
w w w
w w w w wrw s
S
w
k CS p pp C S Q S p S
K t t
φ ζθ φ
∂ ∂− ∇ + + + + + ∇ ⋅ =∂ ∂ d
  (4.44) 
 
The coupled equations (4.35) and (4.42) are the same as the unsaturated 
hydro-mechanical coupled equations derived using the mechanics approach (Lewis and 
Schrefler, 1987).  
 
4.6: Numerical simulation  
 
4.6.1 Finite element analysis   
Classical finite elements (Lewis and Schrefler, 1987; Smith and Griffiths, 2004) have 
been used to solve equations (4.40) and (4.44) for d  and pw, the displacement vector 
and pore water pressure, respectively, as introduced in chapter 3. For two dimensional 
plane strain analysis, d  is again given by 
{ }T1 2,d d=d         (4.45) 
where d1 and d2 are the horizontal and vertical displacements. d  and wp  may be 
expressed in terms of their nodal values, d  and wp , through the following equations 
(equation (3.50)):   
 = dd N d   
 =ε Bd  (4.46) 
 w wpp = N p   
where dN  is the interpolation function for displacement, pN  is the interpolation 
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function for pore water pressure, ε is the strain field and B contains the derivatives of Nd. 
The final discretised incremental equations at the element level are, 
 w+Kd Ap = 0   (4.47) 
 w w+ =TL d + Sp Hp 0   (4.48) 
where 
• dΩ= − Ω∫ TK B DB  
• w wsp p pCS d dζ ζφΩ Ω= Ω + Ω∫ ∫T TA B N B N p N  
• wpS dζΩ= Ω∫ TL N B                                              (4.49)           
• 2( ( ) ) ( )
w
w w ws
p S p p p p
w
CSC S Q d S Q d
K
φ φΩ Ω= + + Ω + Ω∫ ∫T TS N N N N p N   
• ( )rwP Pkk dθΩ= ∇ ∇ Ω∫ TH ( N ) ( N )  
and where D is the stress-strain relationship and Ω is the element domain.  
 
4.6.2 Case study for seasonally affected tunnel    
The final formulation has been implemented within a finite element program and used to 
investigate a simple numerical example for illustrative purposes. This is based on an 
idealised model of a tunnel in France (Maßmann et al., 2008), in which hydro-mechanical 
effects are influenced by both atmospheric humidity and atmospheric temperature (Rejeb 
and Cabrera, 2004). In contrast to Maßmann et al. (2006), who used a 2-dimensional finite 
element mesh to investigate the changing degree of saturation around the tunnel entrance, 
this investigation focuses on the interaction between the degree of saturation and stress, 
strain and pore pressure changes using a 1 dimensional plane strain analysis.    
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4.6.2.1  Boundary and Initial conditions        
The analysis uses plane strain finite elements to investigate a region near to the wall of the 
tunnel, as shown in Fig 4.1. The idealised numerical model is defined relative to the 
Cartesian axes, x and y, and is 10m wide and 1m high. As in the derivation of the 
formulation, the standard sign convention for continuum mechanics has been adopted. 
Hence, compressive total and effective stresses and strains are negative, whereas 
compressive pore pressures are positive.  
 
Rejeb and Cabrera (2004) used actual measurement data to derive an approximate 
solution for the seasonal evolution of temperature T and relative humidity rh  at the 
tunnel boundary, as follows:  
 ( ) 5.0sin(2 ) 283.15T t tπ= − +  (4.50) 
 ( ) 0.2sin(2 ) 0.8rh t tπ= − +  (4.51) 
where t is the time in years. The pore water pressure at the boundary can then be obtained 
using the Kelvin equation (Maßmann et al., 2008), 
 ( ) ln
w
w t
r
v
RTp t h
M
ρ= −  (4.52) 
where R is the gas constant (8.314 J/Kmol), vM is the molecular weight of water vapour 
(18.2 g/mol) and wtρ is the density of water (1000kg/m3). Hence Fig 4.2 shows the pore 
pressure variation applied to the boundary, based on equations (4.50)-(4.52) (Note that 
the winter equals 0.25 year and the summer equals 0.75 year in the first year, 
respectively). 
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Throughout the analysis, the pore water pressure at the right-hand boundary is kept 
constant at -4MPa and the two horizontal boundaries are assumed to be impermeable. 
Also, the total horizontal stress at the right-hand boundary is maintained at 4MPa. To 
focus on seasonal effects, the body forces and initial effective stress field are assumed to 
be zero. Moreover, since only minor variations of temperature have been observed in the 
rock surrounding this tunnel (Maßmann et al., 2008), it is assumed that the temperature of 
the rock is unaffected by the variation in temperature within the tunnel itself. With regard 
to displacement, the left-hand boundary is fixed, whereas the two horizontal boundaries 
allow only horizontal movement and the right-hand boundary is free. These are the same 
boundary conditions as used by previous investigators (Maßmann et al., 2008). Following 
an initial check on mesh convergence, the domain has been discretised in the x-direction 
using 100 equal-sized elements. Eight-node quadrilateral elements have been used for 
modelling the displacement field and four-node elements for the pore water pressure  
field (Smith and Griffiths, 2004). The material parameter values are given in Table 4.1 and 
are the same as used by Rejeb and Cabrera (2004) and Maßmann et al. (2008). 
 
4.6.2.2  Numerical analysis         
Fig 4.3 shows that the degree of saturation at the tunnel wall varies between 1.0 in the 
summer and 0.7 in the winter, in agreement with the applied boundary conditions in Fig 
4.2. Hence, during the winter months the rock near the tunnel wall experiences 
desaturation and during the summer months it experiences resaturation. This type of 
seasonally affected response is caused by the time-dependent temperature and humidity in 
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the tunnel. During the winter months, the lower temperature and lower humidity lead to a 
decrease in saturation. Conversely, during the summer months, the higher temperature and 
higher humidity cause resaturation. As the years go by, the resaturation stage becomes less 
effective and the extent of the significantly unsaturated zone gradually increases. Fig 4.3 
indicates that the short-term seasonally affected zone is around 2.5m, whereas the 
long-term zone of influence extends up to 8 metres from the tunnel wall (although this 
will be influenced by the location of the right-hand boundary). 
 
In winter, shrinkage and fracture of the rock have been observed in situ (Rejeb and 
Cabrera, 2004). This is because of the high negative pore water pressures (Fig 4.4) due to 
the reduction in the degree of saturation (Fig 4.3) near the tunnel wall. The effective 
stress, strain and corresponding displacement profiles, in Figs 4.5, 4.6 and 4.7, are 
indicative of consolidation behaviour. The stress, strain and displacement change rapidly 
near the tunnel wall, but attain a constant state further from the wall where the degree of 
saturation remains unchanged due to the imposed boundary condition. In summer the pore 
water pressure increases due to the increase in saturation at the tunnel wall, and the 
changes in stress, strain and displacement are an indication of mechanical swelling. Note 
that the resaturation near the tunnel wall is due partly to the movement of moisture within 
the rock towards the tunnel wall and that this results in continued desaturation during the 
summer in a zone that is greater than 1m from the tunnel wall. This plays a part in the 
gradual extension of the desaturated zone as the years progress. However, the main reason 
for the growth of the unsaturated zone is that the degree of saturation at the tunnel wall is 
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generally less than the in-situ steady state of 0.995 that was present before excavation of 
the tunnel commenced.  
 
Maßmann et al. (2008) indicated that permeability was the most important parameter 
influencing degree of saturation in their investigation. Figs 4.8-4.11 show the results of a 
parametric study to demonstrate the influence of permeability on the coupling between 
degree of saturation, pore water pressure, stress, strain. Two different permeabilities have 
been considered, -12=2 10k × m2 and -11=2 10k × m2, and these have been used to 
investigate the situation in the 2nd year. The desaturation zone in winter and resaturation 
zone in summer are extended from about 4m for the lower permeability, to 10m for the 
higher permeability. 
   
     4.7: Conclusions  
 
A coupled hydro-mechanical model, based on non-equilibrium thermodynamics and 
Biot’s theory has been derived. This formulation incorporates unsaturated Darcy’s law, 
which has been established using standard arguments of non-equilibrium 
thermodynamics. The new formulation is a first step in developing a modified mixture 
theory approach for an unsaturated coupled model. The simplified final equations have 
been derived by idealising the material as isotropic and linear elastic. However, 
anisotropic and non-linear material behaviours, as exhibited by rock, may also be 
implemented within the same overall formulation (that is, by substituting alternative 
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constitutive relations into the governing equations, (4.24) and (4.25)). 
 
The formulation has been used to analyse a simple application, in which the interactions 
between degree of saturation, pore water pressure, stress and strain have been studied. 
This analysis has been presented for illustrative purposes and to provide a simple 
benchmark solution for comparative studies. Nevertheless, the results highlight the 
importance of a fully coupled hydro-mechanical model. For the tunnel application, the 
desaturation in winter and resaturation in summer have a strong impact on the pore water 
pressure and resulting stress changes which may cause fracture. As expected, the coupled 
model is very sensitive to permeability (from -12=2 10k × m2 to -11=2 10k × m2), which 
strongly influences the progress and extent of the desaturated zone.  
 
The chapter has focussed on unsaturated non-swelling materials. The next step is to 
extend the coupled model for in unsaturated swelling rock, in which the swelling 
phenomenon is more complex.  
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Fig. 4.1. Tunnel model and analysed section (not to scale)  
 
 
 
Fig. 4.2. Time dependent boundary condition at the tunnel wall (Maßmann et al., 2008)  
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Fig. 4.3. Evolution of saturation distribution with time in 3rd and 5th years (summer and winter) 
 
 
Fig. 4.4. Evolution of pore water pressure distribution with time in 3rd and 5th years (summer and 
winter) 
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Fig. 4.5. Evolution of horizontal effective stress distribution with time in 3rd and 5th years (summer 
and winter) 
 
 
Fig. 4.6. Evolution of horizontal strain distribution with time in 3rd and 5th years (summer and winter) 
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Fig. 4.7. Evolution of horizontal displacement with time in 3rd and 5th years (summer and winter) 
 
 
Fig. 4.8. Evolution of saturation distribution with time in 2nd year (summer and winter) as a function of 
permeability in m2 
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Fig. 4.9. Evolution of pore water pressure with time in 2nd year (summer and winter) as a function of 
permeability in m2  
 
Fig. 4.10. Evolution of horizontal effective stress with time in 2nd year (summer and winter) as a 
function of permeability in m2 
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Fig. 4.11. Evolution of horizontal strain with time in 2nd year (summer and winter) as a function of 
permeability in m2 
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Table 4.1 Material parameters (Maßmann et al. (2008))    
Parameters  Physical meaning  Values and units 
Hydraulics   
w
tρ  Density of water 1000 3kg/m  
k  Absolute Permeability 12 22 10 m−×  and 11 22 10 m−×  
m Van Genuchten  parameter (1)  0.43 
M Van Genuchten  parameter (2) 51MPa  
Mechanics   
E  Young’s modulus 9720 MPa 
ν  Poisson’s ratio 0.2 
Coupling   
ζ  Biot coefficient  1.0 
Q Void compressibility 0.000005 MPa-1 
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 Chapter 5: UNSATURATED HYDRO-MECHANICAL 
COUPLED MODEL FOR HYDRATION SWELLING ROCK 
BASED ON MODIFIED MIXTURE THEORY  
 
5.1 Introduction  
 
In this chapter, further attention is focused on the analysis of unsaturated swelling rock. In 
smectite and mixed-layer clay-rich rocks, intracrystalline swelling, which is caused by the 
hydration of the exchangeable cations, is common. This kind of swelling is different from 
osmotic swelling, which is caused by double layer effects or osmotic pressure due to 
chemical transport. About one to four water layers can be accommodated between clay 
platelets due to a widening of the spacing between the clay platelets caused by 
exchangeable cations. The maximum external volume increase caused by intracrystalline 
swelling effects is usually of the order of less than 25% (Madsen and Muller-von Moos, 
1989). The important parameters controlling the swelling are: the type of exchangeable 
cations, the type of organic compounds, overall stress state, the bulk material properties 
and temperature (Einstein, 1996).       
 
In this chapter, an unsaturated and isothermal coupled model based on modified mixture 
theory is developed to give a macro-approach to intracrystalline hydration swelling. By 
analysing the free energy of the wetted matrix, including the water molecules in the 
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clay-platelets, the evolution of stress and pore volume fraction can be obtained. The final 
equations are validated by comparing with coupled equations derived using the mechanics 
approach. A numerical model of desaturation in a swelling rock, as might be used for 
nuclear waste disposal, has been analysed.  
 
5.2 Balance equations and dissipative process 
 
Since the gas transport has been ignored, the balance equations (i.e. free energy, solid 
mass and water mass) and unsaturated Darcy's law are those that have been derived in 
chapter 3 (equations (3.13), (3.7) and (3.8)) and chapter 4 (equation (4.11)), 
respectively. These equations are restated below for convenience.   
 
(1) Derivative version of the balance equation for the free energy: 
 ( ) ( ) 0s s w Tψ ψ μ γ+ ∇ ⋅ − ∇ ⋅ + ∇ ⋅ = − ≤v σv I  (5.1) 
(2) Balance equation for the solid mass:  
 0s s sρ ρ+ ∇ ⋅ =v  (5.2) 
(3) Balance equation for the water mass: 
 0w w s wρ ρ+ ∇ ⋅ + ∇⋅ =v I  (5.3) 
(4) Unsaturated Darcy’s law:   
 ( )wrwkk pθ= − ∇u   (5.4) 
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5.3 State equations for swelling rock 
 
In this section, the constitutive equations for the stress and strain response of unsaturated 
swelling rock are formulated. In swelling rocks, water resides between the individual clay 
platelets or in the pore space; the influence of gas in the clay platelets has not been 
considered here. As discussed in previous chapters, the water in the pores is little 
influenced by intermolecular and surface forces because the pore dimensions are much 
larger than the distances over which intermolecular forces are active (Israelachvili, 1991). 
Hence bulk fluids follow thermodynamic relations. 
 
5.3.1 Helmholtz free energy of the pore water  
Based on classical thermodynamics, the free energy density of the pore fluid can still be 
written as (equation (4.15)) 
 w wpore tp Sψ ρ μ= − +  (5.5) 
 
By using the Gibbs-Duhem equation for pore water at constant temperature, the 
relationship between average pressure and chemical potential has been derived as 
(equation (4.16))    
 w wtp S ρ μ=   (5.6) 
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5.3.2 Basic equation for deformation  
It is assumed that the rock maintains mechanical equilibrium so that ∇ ⋅ =σ 0 . The 
equation for ψ  is (equation (4.12)) 
 ( ): 0s s wψ ψ μ+ ∇ ⋅ − + ∇ ⋅ =v v I σ ∇  (5.7) 
By using classic continuum mechanics, equation (5.7) leads to (equation (4.13))  
 ( )tr mμΨ = +TE    (5.8) 
  JψΨ = , w w wtm J JSρ φρ= =  (5.9)  
 
5.3.3 Free energy density of the wetted mineral matrix   
Because the free energy of the mineral matrix includes fluid ‘bound’ between the platelets, 
the free energy can be obtained by subtracting the free energy of the pore water w poreJφ ψ  
from the free energy of the combined solid-fluid system Ψ . Jυ φ=  is the pore volume 
per unit referential volume and w porebound tm m JS φρ= −  is the referential mass density of 
the bound water. Hence the free energy density of the wetted mineral matrix is   
 ( ) ( )w pore boundJ tr m pφ ψ μ υΨ − = + +TE    (5.10) 
 
For convenience, the dual potential can be expressed as    
 ( )w pore boundW J p mφ ψ υ μ= Ψ − − −  (5.11) 
where W is a function of E , p  and μ , so that an expression linking T , υ  and 
boundm  may be obtained. Equation (5.11) implies that the time derivative of 
( , , )W p μE satisfies the relationship  
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 ( , , ) ( ) boundW p tr p mμ υ μ= − −E TE     (5.12) 
so that   
 
,
ij
ij p
WT
E μ
⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂⎝ ⎠
, 
,ijE
W
p μ
υ ⎛ ⎞∂= −⎜ ⎟∂⎝ ⎠ , ,ijbound E p
Wm μ
⎛ ⎞∂= −⎜ ⎟∂⎝ ⎠  (5.13) 
and also  
 
,,,
( , , )
ijij
ij
ij E pEp
W W WW p E p
E p μμ
μ μμ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂= + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠⎝ ⎠⎝ ⎠
E     (5.14) 
If equation (5.13) is differentiated with respect to time, the fundamental constitutive 
equations for the evolution of stress, pore volume fraction and the mass densities in the 
bound water can be obtained. Hence,    
 ij ijkl kl ij ijT L E M p S μ= − +     (5.15) 
 ij ijM E Qp Bυ μ= + +    (5.16) 
 bound ij ijm S E B p Zμ= + +    (5.17) 
where the parameters ijklL , ijM , ijS , Z , B and Q  are defined as follows: 
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υ⎛ ⎞∂⎛ ⎞ ∂= − = ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
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ij
ijE p p
T mS
E μμ
⎛ ⎞∂⎛ ⎞ ∂= = −⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
 (5.18) 
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5.3.4 Linear isotropic response     
Various assumptions similar to those adopted in chapters 3 and 4 are made to simplify 
equations (5.15) to (5.17), based on physical and geometrical linearization:  
(1) The parameters ijklL , ijM , ijS , Z , B  and Q  are assumed to be 
material-dependent constants. Then the non-linearity is of a geometrical nature 
and associated with large deformations.  
(2) The strains are assumed to be small, so that the Green Strain tensor ijE  and 
Piola-Kirchhoff stress ijT  can be replaced by the strain tensor ijε  and Cauchy 
stress ijσ , that is    
 ij ijE ε= , ij ijT σ=  (5.19) 
(3) For isotropic materials, the tensors ijM  and ijS  are diagonal, so that they can 
be written in the form of the scalars ζ and ω :  
 ij ijM ζδ= , ij ijS ω δ=   (5.20) 
 
Also, the elastic stiffness ijklL can be formed as a fourth-order isotropic tensor,  
 2( ) ( )
3ijkl ik jl il jk ij kl
GL G Kδ δ δ δ δ δ= + + −  (5.21) 
where G  is the overall rock shear modulus and K is the bulk modulus of the rock.  
 
Finally, by using equations (5.19) to (5.21), the governing stress equation (5.15) and 
pore fraction equation (5.16) can be changed to,    
 2( ) 2
3ij kk ij ij ij kl
GK G pσ ε δ ε ζ δ ωμδ= − + − +     (5.22) 
 ii Qp Bυ ζε μ= + +     (5.23) 
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where sK  is the bulk modulus of the solid matrix. The void compressibility Q  is 
related to the scalar ζ via the relationship   
 (1/ )( )sQ K ζ φ= −   (5.24) 
and B is given by    
 (1/ )( 1)B K ζ ω= −   (5.25) 
The quantity ζ  is related to the bulk moduli K  and sK  in a poro-elastic manner, i.e. 
 1 ( / )sK Kζ = −   (5.26) 
From equation (5.6),   
 1( )w w
t
p
S
μ ρ=   (5.27)  
and hence, the stress equation (5.22) can be rewritten as    
 2( ) 2 ( )
3ij kk ij ij ijw wt
GK G p
S
ωσ ε δ ε ζ δρ= − + − −    (5.28) 
 
5.4 Conservation and field equations        
 
5.4.1 Solid-phase behaviour       
In the mechanical equilibrium condition,  
 0ij
jx
σ∂ =∂   (5.29) 
By substituting equation (5.28) into equation (5.29), this leads to   
 2 ( ) ( ) 0
1 2 w wt
GG p
S
ωζν ρ
⎛ ⎞∇ + ∇ ∇ ⋅ − − ∇ =⎜ ⎟−⎝ ⎠d d
    (5.30) 
where ( 1,2,3)id i =  is the displacement component, the average pressure p  is defined 
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by  
 w wp S p=   (5.31) 
 and its time derivative is given by   
 ( )
w w w
w w w ws sC Cp p pp S p S p
t t tφ φ
∂ ∂ ∂= + = +∂ ∂ ∂
   (5.32) 
where sC  is the specific moisture content which is defined in terms of pressure. Using 
equation (5.32), equation (5.30) can be rewritten as  
 2 ( ) ( ) ( ) 0
1 2
w w ws
w w
t
CGG S p p
S
ωζν ρ φ
⎡ ⎤⎛ ⎞∇ + ∇ ∇ ⋅ − − ∇ + =⎜ ⎟ ⎢ ⎥−⎝ ⎠ ⎣ ⎦d d
    (5.33) 
 
5.4.2 Fluid-phase behaviour       
By using the water partial mass equation (5.3) and the water density equation (4.4), the 
conservation equation of water is the same as equation (4.41), that is  
 ( ) ( ) 0w w wt tS υρ ρ+ ∇⋅ =u  (5.34) 
  
By substituting equation (5.23) into equation (5.34), this leads to  
 2( / ) 0
ww
w w w w w w w w wt rw
t t t t t
kSS S Q B p S k p
t t
ρρ ζ ρ ρ φρ φ ρ θ
∂∂ ⎡ ⎤∇ ⋅ + + + + + − ∇ =⎢ ⎥∂ ∂ ⎣ ⎦d
  (5.35) 
By considering the function combining the rate of change of saturation and rate of change 
of water density, that is   
 ( )
ww w w w w w w
t
S Sw
t w w
S S p S p S pC C
t t t K t K t
ρφφ φ φρ
∂∂ ∂ ∂ ∂+ = + = +∂ ∂ ∂ ∂ ∂  (5.36) 
equation (5.35) can be rewritten as  
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2 ( ) ( / )( ) 0
w w w
w w w w wrw s
w S t
w
k CS p pk p C S Q B S p S
K t t
φ ρ ζθ φ
∂ ∂− ∇ + + + + + + ∇ ⋅ =∂ ∂ d
  (5.37) 
 
5.4.3 Equation validation      
The coupled equations, (5.33) and (5.37), can be compared with unsaturated 
hydro-mechanical coupled equations derived using the mechanics approach, which have 
been tested by a number of researchers. When hydration swelling is not considered, 
equations (5.33) and (5.37) are the same as those obtained using the mechanics 
approach (Lewis and Schrefler, 1987). The differences are the inclusion of the two 
swelling terms in the equations developed in this chapter, i.e.  w w
tS
ω
ρ  and /
w
tB ρ , 
which need to be determined by experiment. (Of course, unsaturated swelling phenomena 
are very complex and further experimented research is needed: the purpose of the Author's 
research is to focus only on mathematical and numerical modelling aspects of this 
problem.) In the following numerical analysis, the swelling parameter w w
t
Sw
S
ω
ρ=  is 
assumed to have a constant value (i.e. either 0.0 or 0.2) to simplify the discussion. 
However, this term needs further research, both experimentally and numerically, to 
investigate the influence of the non-linear nature of wS  relative to pore water pressure. 
The influence of / wtB ρ , which is related to water chemistry alterations, is assumed to be 
zero to simplify the discussion. A numerical simulation will be conducted and then the 
parametric analysis will focus on the importance of the swelling term.  
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5.5: Numerical simulation    
 
5.5.1 Case study of host rock for nuclear waste disposal    
In chapter 4, a tunnel model was discussed; in this chapter the attention will be focussed on 
the host rock around a nuclear waste container. The host rock for nuclear waste represents a 
far field barrier to prevent the transport of radio nuclides via groundwater pathways. 
Geological disposal may involve the excavation of deposition holes in the host rock and the 
emplacement of metal containers of high level waste. After excavation, since the walls of 
the holes are in contact with air, there will be some initial desaturation of the host rock 
which may cause problems for the stability of the holes. Thus a desaturation analysis using 
the hydro-mechanical coupled model will be presented as a first test of the numerical 
algorithm. 
 
To simplify the modelling, a one dimensional plane strain model that is 0.015m wide and 
0.030m high has been considered (Fig 5.1). The mesh comprises of 30 equal-sized 
elements, as for the example in chapter 3; that is, 30 8-node elements to model the 
displacement and 30 4-node elements to model the pore pressure. The material parameters 
are listed in Table 5.1.   
 
5.5.2 Finite element analysis   
Classical finite elements (Lewis and Schrefler, 1987; Smith and Griffiths, 2004) have 
been used to solve equations (5.33) and (5.37) for d  and pw, the displacement vector 
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and pore water pressure, respectively, as introduced in chapter 4. The detailed steps in the 
formulation are the same as in chapter 4 (equations (4.45) and (4.46)), and so are not 
repeated here. 
  
Once again, the final discretised incremental equations at the element level are, 
 w+Kd Ap = 0   (5.38) 
 w w+ =TL d + Sp Hp 0   (5.39) 
where 
• dΩ= − Ω∫ TK B DB  
• ( ) ( )w wsp p pw w w w
t t
CS d d
S S
ω ωζ ζρ φ ρΩ Ω= − Ω + − Ω∫ ∫T TA B N B N p N  
• wpS dζΩ= Ω∫ TL N B                                              (5.40)           
• 2( ( ) ) ( )
w
w w ws
p S p p p p
w
CSC S Q d S Q d
K
φ φΩ Ω= + + Ω + Ω∫ ∫T TS N N N N p N   
• ( )rwP Pkk dθΩ= ∇ ∇ Ω∫ TH ( N ) ( N )  
and where D is the stress-strain relationship and Ω is the element domain. The only 
difference between the finite element formulation in this chapter and that in Chapter 4 is 
in the form of the matrix A , in which a swelling term w w
tS
ω
ρ  has now been included to 
account for the hydration effects in the clay-platelets.   
 
5.5.3 Initial conditions and boundary conditions 
Initially, the pore water pressure in the rock sample is -4MPa and the degree of saturation is 
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0.995.  Boundary A is in contact with the atmosphere. The desaturation step that occurs in 
situ, after excavation of the deposition holes, is simulated in this simple idealisation by 
assuming that the pore water pressure at boundary A decreases from -4MPa to -20MPa.  
 
Boundary A is a fixed and permeable boundary, whereas boundary B is free and permeable. 
At boundary B an external load is applied to keep the effective stress equal to 0 at all times 
during the analysis. The whole sample is initially in equilibrium, with a zero effective stress 
throughout. 
 
5.5.4 Transient behaviour in non-swelling rock and swelling rock  
The attention is here focused on the coupling between the pore water pressure and the 
deformation of the solid skeleton. The pore water pressure at boundary A has been 
decreased to -20MPa in 1 step at the start of analysis, to simulate the outflow of water at 
boundary A. Fig 5.2 shows that the pore water pressure throughout the specimen decreases 
with time. Since the absolute permeability is assumed to be constant and the water in the 
clay platelets which causes hydration swelling is assumed to have very little influence on 
the absolute and the relative permeabilities, the pore water pressure distribution for 
non-swelling rock ( 0.0Sw = ) is the same as that for swelling rock ( 0.2Sw = ). Because 
there is a direct relationship between the degree of saturation and pore water pressure, the 
corresponding saturation profiles shown in Fig 5.3 show similar trends. The initial 
saturation is 0.995 and this decreases within the specimen over time due to the reduced 
value of 0.927 at boundary A.  
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Figs 5.4 and 5.5 show the change of horizontal effective stress and strain. Since the pore 
water pressure at boundary A is decreased at the start of the analysis, while the pore water 
pressure at boundary B remains constant, the effective stress at boundary A decreases 
suddenly while remaining constant at the right-hand boundary. The swelling effect reduces 
the suction influence on the solid skeleton, and so the effective stress of the swelling rock 
(Sw=0.2) is higher than that of the non-swelling rock (Sw=0.0) (Fig 5.4), and the 
non-swelling rock has a higher compressive strain and displacement than the swelling rock 
(Figs 5.5 and 5.6). 
 
5.5.5 Sensitivity analysis of permeability parameter 
Apart from the swelling parameter, the permeability is another important parameter which 
can strongly affect the performance of the solid and water coupling. The influence of other 
parameters, such as the Young’s modulus (E) and Poisson’s ratio (v ), has been fully 
discussed in classic elasticity mechanics. Meanwhile, the Biot coefficient is normally 
given the value of unity because of the very high value of the bulk modulus sK  (equation 
(5.26)). Thus, the attention of the parametric study in the unsaturated hydro-mechanical 
coupled modelling analysis is focused on permeability in this thesis. Because this chapter 
deals with a high saturation problem (saturation > 90%), the influence of the relative 
permeability is likely to be very small (Corey, 1957). Thus, permeability forms the focus 
of this parametric study.  
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Figs 5.7 to 5.11 investigate the influence of permeability on swelling rock (Sw=0.2), by 
considering various distributions for two permeability values, 12/ 10k θ −= m/s and 
13/ 10k θ −=  m/s, after both 1 month and 6 months. As expected, the pore water pressure 
in the higher permeability rock ( 12/ 10k θ −= m/s) decreases much faster than in the lower 
permeability rock. The distribution of saturation, effective stress, strain and displacement 
are also as expected.  
 
5.6: Conclusions 
 
This chapter derived new formulations for unsaturated swelling rock based on modified 
mixture theory. The hydration effect between the clay platelets has been successfully 
included. A general coupled structure for large deformation swelling materials has also 
been formed. The rigorous derivation by using Helmholtz free energy and dual potential 
gives a deep insight of the inter effects between the rock, gas, pore water and water in the 
clay platelets.  
 
The numerical simulation analyzed the desaturation progress of an unsaturated rock 
sample. This simulation is relevant to geological waste disposal, where after excavation, 
there might be a desaturation phase which could cause instability of the hole. The 
numerical results show that swelling rock has a lower effective stress change than that of 
non-swelling rock for the same amount of desaturation. Thus, the swelling characteristic 
of the host rock might be a positive influence for the stability of the hole. This chapter 
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focused on the coupled formulations and numerical simulation, but further experimental 
research work is needed to refine this model further.   
 
The chapter has focussed on unsaturated water flow. In the nuclear waste disposal 
industry, chemical transport is very relevant, as highlighted in chapter 1. For example, the 
rock may contain salt and radionuclides might dissolve in ground water. Thus, a coupled 
model with consideration of chemical transport attracts attention from a lot of researchers, 
as introduced in chapter 2. The next chapter will discuss chemical transport in a very low 
permeability host rock.    
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Fig. 5.1 Unsaturated rock analysis  
 
 
Fig. 5.2 Evolution of pore water pressure distribution with time  
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Fig. 5.3 Evolution of saturation distribution with time  
 
 
Fig. 5.4 Evolution of horizontal effective stress distribution with time  
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Fig. 5.5 Evolution of horizontal strain distribution with time  
 
 
Fig. 5.6 Evolution of horizontal displacement distribution with time  
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Fig. 5.7 Evolution of pore water pressure distribution with time for swelling rock (Sw=0.2, k=k/θ)  
 
 
Fig. 5.8 Evolution of saturation distribution with time for swelling rock (Sw=0.2, k=k/θ) 
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Fig. 5.9 Evolution of horizontal effective stress distribution with time for swelling rock (Sw=0.2, k=k/θ) 
 
 
Fig. 5.10 Evolution of horizontal strain distribution with time for swelling rock (Sw=0.2, k=k/θ) 
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Fig. 5.11 Evolution of horizontal displacement distribution with time for swelling rock (Sw=0.2, k=k/θ) 
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Table 5.1 Material parameters for host rock of nuclear waste (Maßmann et al. 2006) 
 
Parameters  Physical meaning  Values and units 
Hydraulics   
w
tρ  Density of water 1000 3kg/m  
/k θ  Absolute Permeability/Dynamic viscosity 10−13 m/s (Chen et al. 2007) 
m Van Genuchten  parameter  0.43 
M Van Genuchten  parameter  51 MPa  
Mechanics   
E  Young’s modulus 9720 MPa 
v  Poisson’s ratio 0.2 
Coupling   
ζ Biot coefficient  1.0 
Q  Void compressibility 0.000005 MPa-1 
Swelling   
Sw swelling parameter 0 (Nonswelling), 0.2 (Swelling) 
 
 
 
 
 
 
 
 
 
     149
 Chapter 6: UNSATURATED 
HYDRO-MECHANICAL-CHEMO COUPLED MODEL 
BASED ON MODIFIED MIXTURE THEORY  
 
6.1: Introduction 
 
This chapter further develops the coupled formulation based on modified mixture theory by 
including chemical effects. Hence, chemical osmosis is now discussed in more detail. 
Normally, the hydraulic conductivity of the host rock in geological disposal is less than 
1010− m/s, so that it can act as an actual semi permeable membrane and restrict the transport 
of solute molecules (Chen et al., 2007). Osmosis effects in low permeability saturated 
shales have been discussed elsewhere (Ghassemi and Diek, 2003). However, for the host 
rock and buffer clay, there may be unsaturated conditions. Thus, further work needs to be 
done on water and chemical flow in unsaturated environments.  
 
In this chapter, unsaturated Darcy’s law has been modified to include chemical osmosis 
flow: this leads to a different coupling between the fluid and solid phases. Based on earlier 
chapters, the relationship between the solid and fluids can be obtained by considering  
Helmholz free energy. The influence of unsaturated conditions has already been discussed 
in chapters 4 and 5. This chapter focuses only on theory since this is very complex.  A 
numerical simulation using the theory will be described in chapter 7 for an application 
relevant to nuclear waste disposal.    
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6.2: Balance laws for the open system 
 
As in earlier chapters, an arbitrary sub-region V is chosen in the rock or soil and S is the 
boundary which is assumed to be attached to the solid phase to make sure there is no solid 
moving across the boundary. In this case, there are two fluxes across the boundary: a 
water flux and a chemical flux. To simplify the discussion, two assumptions are made: (1) 
there is just one solute in the water and the chemical potential of the solute and water are 
cμ and wμ , respectively; (2) the air phase is continuous in the unsaturated zone and 
remains at atmospheric pressure, 0atmp =  (Neuman, 1975; Safai and Pinder, 1979), so 
that the gas transport can be ignored.  
 
6.2.1  Balance equations for thermodynamically open system  
The flux can be defined as  
 ( )sβ β βρ= −I v v  (6.1) 
where Iβ , βρ  and βv are the flux, density and velocity, respectively, of the water (β=w) 
or chemical (β=c) component, and sv is the velocity of the solid phase.  
 
The balance equations for Helmholtz free energy can be obtained as   
 ( ) ( )s w w c cV S S VD dV dS dS T dVDt ψ μ μ γ= − ⋅ − + ⋅ −∫ ∫ ∫ ∫σn v I I n  (6.2) 
where ψ is the Helmholtz free energy density, σ  is the Cauchy stress tensor, n  is the 
outward unit normal vector, T is the constant temperature and γ  is the entropy 
production per unit volume, and where the material time derivative is given by  
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 st
D
Dt
= ∂ + ⋅∇v  (6.3) 
 
Since there is no solid mass flux into the region, the balance equation for the solid is  
 ( ) 0sVD dVDt ρ =∫   (6.4) 
where the solid density is denoted by sρ . 
 
Because V is open with respect to the exchange of fluid mass (water and chemical), the 
balance equation for the fluid can be expressed as  
 ( )V SD dV dSDt β βρ = − ⋅∫ ∫ I n  (6.5) 
 
6.2.2 Localized version of balance equation  
By using Reynold’s transport theorem, the balance equation for the free energy is 
 ( ) ( ) 0s s w w c c Tψ ψ μ μ γ+ ∇ ⋅ − ∇ ⋅ + ∇ ⋅ + = − ≤v σv I I  (6.6) 
The balance equation for the solid mass is   
 0s s sρ ρ+ ∇ ⋅ =v  (6.7) 
and the balance equation for fluid component is   
 0sβ β βρ ρ+ ∇ ⋅ + ∇ ⋅ =v I  (6.8) 
The fluid component mass density βρ  can be expressed relative to the unit volume of 
the fluid-solid mixture. Specifically, they are related to the true mass density t
βρ  through  
 t
β β βρ φ ρ=  (6.9) 
in which βφ  is the volume fraction of the relevant fluid component. If fS is the 
saturation of the fluid, the relationship between βφ  and the porosity of the medium φ  
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is given by 
 fSβφ φ=∑  (6.10) 
 
6.3 Entropy production  
 
It is assumed that only one dissipation mechanism exists; namely, the friction generated at 
the solid/fluid boundary when the fluid moves through the porous skeleton. The gas 
friction has been ignored. A macroscopic expression can be obtained for the dissipation 
generated by the frictional resistance at the interface by using standard arguments of 
nonequilibrium thermodynamics (Katachalsky and Curran, 1965), that is    
 0 w w c cTγ μ μ≤ = − ⋅∇ − ⋅∇I I  (6.11) 
 
The total fluid mass density fρ can be defined as  
 f w cρ ρ ρ= +  (6.12) 
The fluid barycentric velocity is defined as mass flux divided by the mass density, that is 
 ( / ) ( / )f w f w c f cρ ρ ρ ρ= +v v v  (6.13) 
Since the diffusion fluxes of the water and chemical relative to the barycentric motion can 
be written as  
 ( )fβ β βρ= −J v v  (6.14) 
the relationship between βI  and βJ  is 
 ( )f sβ β βρ= − −J I v v  (6.15) 
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By introducing the Darcy velocity through the definition 
 ( )f f sS φ= −u v v  (6.16) 
the entropy production of the fluid can be rearranged as  
 0 ( )w w c cT pγ μ μ≤ = − ⋅∇ − ⋅∇ + ⋅∇u J J  (6.17) 
Using the Gibbs-Duhem equation for the fluid leads to    
 w w c ct t pρ μ ρ μ∇ + ∇ = ∇  (6.18) 
where p denotes the pore fluid pressure of the fluid mixture (that is, of the water and 
chemical combined) (Sacchetti, 2001).  
 
The diffusion fluxes βJ  have to satisfy  
 0w c+ =J J  (6.19) 
so there is one independent diffusion flux and the entropy production can be rearranged as  
 0 ( )c c wT pγ μ μ≤ = − ⋅∇ − ⋅∇ −u J  (6.20) 
 
6.4 Extension of diffusion law and Darcy law 
 
6.4.1 Phenomenological equations 
Phenomenological equations are a set of functions which are used to express the 
lineardependence of the two flows on the corresponding forces. The relationship between 
the flows, ftρ u  and cJ , and the driving forces, p∇  and ( )c wμ μ∇ − , can be obtained 
as   
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 11 12( / ) ( )f f c wt tL p Lρ ρ μ μ= − ∇ − ∇ −u  (6.21) 
 21 22( / ) ( )s f c wtL p Lρ μ μ= − ∇ − ∇ −J  (6.22) 
in which ijL  denotes a set of phenomenological coefficients. Here, mass transport is 
assumed to be through an isotropic medium. 
 
6.4.2 Chemical potential and chemical concentration  
Using the Gibbs-Duhem equation for the fluid at constant pressure leads to 
 ( ) ( ) 0c c w wp pC d C dμ μ+ =  (6.23) 
where cC  and wC  are the solute and diluent mass fractions, respectively, which can be 
defined as  
 / /w w f w ft tC ρ ρ ρ ρ= =  / /c c f c ft tC ρ ρ ρ ρ= =  (6.24) 
Also,  
 1( ) ( )
c
c w c w c
w cp CC C
μμ μ υ υ ∂∇ − = − ∇ + ∇∂  (6.25) 
where (1/ )
c
c t
cC
ρυ ∂= ∂  and 
(1/ )ww t
wC
ρυ ∂= ∂  denote the partial specific volumes of the 
solute and dilluent, respectively. These quantities satisfy the thermodynamic identities,   
 ( )
c
c
p
μυ ∂= ∂ , 
( )ww
p
μυ ∂= ∂  (6.26) 
In addition, if ( ) 1f c wt f fρ υ υ−  , then equations (6.21) and (6.22) can be rewritten as  
 ( )
f c
crw t
w c
kk p r C
C C
ρ μ
θ
∂= − ∇ − ∇ ∂u   (6.27) 
 c f f ct t
pL D C
p
ρ ρ∇ = − ∇ J  (6.28) 
in which 
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 ( )
11
2
rw
f
t
k Lk θ ρ= , 
21
11
Lr
L
= − , ( )
21
2f
t
L pL ρ= , ( )
22
2
c
cw f
t
LD
CC
μ
ρ
∂= ∂  (6.29) 
and θ  is the fluid’s dynamic viscosity. 
 
6.5 Equations of state 
 
In this section, the constitutive equations for the stress and strain response are formulated.   
 
6.5.1: Basic equation of state 
It is assumed that the rock maintains mechanical equilibrium, so that 0∇ ⋅ =σ . By using 
equations (6.6) and (6.11), ψ  can be written as  
 ( ): 0s s w w c cψ ψ μ μ+ ∇ ⋅ − + ∇ ⋅ + ∇ ⋅ =v v I I σ ∇   (6.30) 
The rock’s deformation state is defined in terms of continuum mechanics. If X  is an 
arbitrary reference configuration with a position x  at time t , the relationships between 
the Green strain E , deformation gradient F , second Piola-Kirchhoff stress T  and 
J (the Jacobian of F ) are      
 ( , )t∂= ∂
xF X
X
, 1 ( )
2
= −TE F F I , 
0
dVJ
dV
= , sJ J= ∇ ⋅ v , 1J −= -TT F σF  (6.31) 
From equations (6.30) and (6.31), this leads to   
 ( ) w w c ctr m mμ μΨ = + +TE     (6.32) 
  JψΨ = , tm J Jα α α αρ φ ρ= =  (6.33) 
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6.5.2 Helmholtz free energy of the pore water  
Thermodynamic relations can be used for the bulk fluids in the pore spaces. Hence the 
Helmholtz free energy density of the pore fluid, poreψ , can be derived as  
 c c w wpore pore t tpψ μ ρ μ ρ= − + +  (6.34) 
in which porep  is the pore fluid pressure.   
According to the Gibbs-Duhem equation, this leads to   
 c c w wpore t tp μ ρ μ ρ= +    (6.35) 
From equation (6.34) 
 c c w w c c w wpore pore t t t tpψ μ ρ μ ρ μ ρ μ ρ= − + + + +             (6.36) 
Hence by introducing equation (6.35), this leads to   
 c c w wpore t tψ μ ρ μ ρ= +    (6.37) 
 
6.5.3 Free energy density of solid matrix  
The free energy of the combined solid/fluid matrix may be found by subtracting the  
contribution poreJφψ  due to the pore fluid from the total free energy Ψ . If Jυ φ=  is 
the pore volume per unit referential volume, the free energy density of the solid matrix 
may be written as   
 ( ) ( )pore poreJ tr pφψ υΨ − = +TE    (6.38) 
The dual potential, which is used for reasons of convenience, can be written as 
 ( )pore poreW J pφψ υ= Ψ − −  (6.39) 
By expressing W  as a function of E  and porep , the expressions for T  and υ  can be 
derived. Equation (6.39) implies that the time derivative of ( , )poreW E p  satisfies the 
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relationship  
 ( , ) ( ) poreW p tr p υ= −E TE    (6.40) 
so that  
 
pore
ij
ij p
WT
E
⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂⎝ ⎠
, 
ij
pore E
W
p
υ ⎛ ⎞∂= −⎜ ⎟⎜ ⎟∂⎝ ⎠
 (6.41) 
and also  
 ( , )
pore ij
ij pore
ij porep E
W WW p E p
E p
⎛ ⎞ ⎛ ⎞∂ ∂= +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
E    (6.42) 
The fundamental constitutive equations for the evolution of stress and pore volume 
fraction can be obtained by differentiating equations (6.41) with respect to time to give   
 ij ijkl kl ij poreT L E M p= −    (6.43) 
 ij ij poreM E Qpυ = +   (6.44) 
in which the parameters ijklL , ijM  and Q  are defined as following equations:  
 
 
pore pore
ij kl
ijkl
kl ijp p
T TL
E E
⎛ ⎞∂⎛ ⎞ ∂= = ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
 
 
ij pore
ij
ij
pore ijE p
T
M
p E
υ⎛ ⎞ ⎛ ⎞∂ ∂= − =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
 
 
ij
pore E
Q
p
υ⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂⎝ ⎠
 (6.45) 
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6.6 Chemical potential and conservation equations of fluid and 
solute mass 
 
6.6.1 Chemical potential  
This section considers the case that there are only two chemical components present, these 
being the solute (chemical) and diluent (water). From equation (6.35), this leads to  
 w w c cpore t tp ρ μ ρ μ= +    (6.46) 
and then  
 ( )1( )w c cpore tw
t
pμ ρ μρ= −    (6.47) 
The solute chemical potential is given by the expression (Katachalsky and Curran, 1965)  
 ( , ) ( )(ln )c c cc
RTg p T a
M
μ = +  (6.48) 
In this equation, cg  is a function that depends on pressure and temperature, which can 
be suppressed because the dependence of cμ  on cg  is very weak. Also, R  is the gas 
constant, and cM and ca are the molar mass and activity of the solute, respectively, 
which can be defined as a measure of the ‘effective concentration’ of the solute in the 
mixture. 
 
The relationship between ca and cx is  
  c cca r x=  (6.49) 
where cr  is the activity coefficient. If the solution is assumed to be ideal, then 1cr = , so 
that the solute activity ca  becomes equal to the solute mole fraction cx , that is  
 c ca x=  (6.50) 
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Note that the mole fraction cx  is related to the solute mass fraction cC  through 
 /( (1 ) )c c c c c c wC x M x M x M= + −  (6.51) 
  
6.6.2 Chemical transport 
From the partial mass equation (6.8) and the mass density equation (6.9), introducing 
equation (6.15) and using the Euler identity leads to   
 ( ) ( ) 0f tS J J
β β βυρ ρ+ ∇⋅ + ∇⋅ =u J  (6.52) 
If it is also assumed that the fluid is incompressible, by introducing the mass fraction 
/ ft tC
β βρ ρ= ,  it leads to    
 ( ) ( ) 0f f ft tS C C
β β βυρ ρ+ ∇ ⋅ + ∇ ⋅ =u J  (6.53) 
Because 1C ββ =∑  and 0ββ =∑ J , summing over all the fluid components leads to 
the relationship  
 ( ) ( ) 0f f ft tSυ ρ ρ+ ∇ ⋅ =u  (6.54) 
By invoking equation (6.54), equation (6.53) can be transformed to  
 ( ) 0f f ft tS C C
β β βυ ρ ρ+ ⋅∇ + ∇ ⋅ =u J  (6.55) 
 
6.7 Final field equations 
 
For the mechanical equilibrium condition, the average pore pressure p  is still assumed 
to equal the pore pressure porep  defined by (equation (4.36)), 
 fp S p=  (6.56) 
and its time derivative by (equation (4.37)), 
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 f sCp pp S p
t tφ
∂ ∂= +∂ ∂
  (6.57) 
which has already been discussed by Lewis and Scherefler (1987) and where sC is the 
specific moisture content which is defined in terms of pressure. Note that the chemical 
effects on specific moisture have here been ignored.   
 
6.7.1 Solid phase  
The constitutive equations, (6.43) and (6.44), defined changes in solid stress and volume 
fraction in terms of independent variables, such as , ,
1 ( )
2ij i j j i
d dε = +  in which 
( 1,2,3)id i = is the displacement component, the pore fluid pressure p  and the solute 
mole fraction Sx . These equations should obey the mechanical equilibrium condition,  
 0ij
jx
σ∂ =∂  (6.58) 
and also the conservation equations of the fluid and solute masses.  
 
Several assumptions are made to simplify equations (6.43) and (6.44) based on physical 
and geometrical linearization. Firstly, The parameters ijklL , ijM , Q  are assumed to be 
material-dependent constants, so that the non-linearity is then of a geometrical nature and 
associated with large deformations. Secondly, the strains are assumed to be small, so that 
the Green Strain tensor ijE  and the Piola-Kirchhoff stress ijT  can be replaced by strain 
tensor ijε  and Cauchy stress ijσ , that is    
 ij ijE ε= , ij ijT σ=  (6.59) 
Thirdly, by assuming material isotropy; that is, for isotropic materials the tensor ijM  is 
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diagonal, so that it can be written in the form of the scalar ζ ,  
 ij ijM ζδ=  (6.60) 
and the elastic stiffness ijklL  can be formed as a fourth-order isotropic tensor, 
 2( ) ( )
3ijkl ik jl il jk ij kl
GL G Kδ δ δ δ δ δ= + + −  (6.61) 
in which G is the rock shear modulus and K is the bulk modulus. 
 
Hence, the equations for the solid phase and pore volume fraction, respectively, can be 
written as  
 2( ) 2
3ij kk ij ij ij
GK G pσ ε δ ε ζ δ= − + −    (6.62) 
 ii Qpυ ζε= +    (6.63) 
The quantity ζ  is related to the bulk moduli K  and sK  in a poroelastic manner, that 
is  
 1 ( / )sK Kζ = −  (6.64) 
where sK  is the bulk modulus of the solid matrix. The void compressibility Q  is 
related to the scalar ζ according to   
 (1/ )( )sQ K ζ φ= −  (6.65) 
From equation (6.43), this leads to  
 2 ( ) 0
1 2
GG pζν
⎛ ⎞∇ + ∇ ∇ ⋅ − ∇ =⎜ ⎟−⎝ ⎠d d
    (6.66) 
Hence, by using the average pressure,  
 2 ( ) ( ) 0
1 2
f sCGG S p pζν φ
⎡ ⎤⎛ ⎞∇ + ∇ ∇ ⋅ − ∇ + =⎜ ⎟ ⎢ ⎥−⎝ ⎠ ⎣ ⎦d d
      (6.67) 
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6.7.2 Fluid phase   
From equations (6.54) and (6.63), this leads to  
1( ) 0
ff
f f f f f f f f ct rw
t t t t t c c w
kS RTS S Qp S k p r C
t t M C C
ρρ ζ ρ φρ φ ρ ρθ
∂∂ ⎡ ⎤∇ ⋅ + + + + −∇ ⋅ ∇ − ∇ =⎢ ⎥∂ ∂ ⎣ ⎦d
 
  (6.68) 
By considering the rate of change of saturation and the water density function (Lewis and 
Schrefler, 1987), 
 ( )
ff f f f
t
S Sf
t w w
S S p S p S pC C
t t t K t K t
ρφφ φ φρ
∂∂ ∂ ∂ ∂+ = + = +∂ ∂ ∂ ∂ ∂  (6.69) 
where wK is the bulk modulus of water, equation (6.68) can be rewritten as   
1( ) ( ) ( ) 0
f
f f f f cs rw
S t c c w
w
C kp S p RTS S Q S p C k p r C
t K t M C C
ζ φ ρφ θ
∂ ∂ ⎡ ⎤∇ ⋅ + + + + + −∇ ⋅ ∇ − ∇ =⎢ ⎥∂ ∂ ⎣ ⎦d

  (6.70) 
 
6.7.3 Chemical transport  
From equations (6.27), (6.28) and (6.55), the chemical transport equation can be 
obtained as    
 21 1( ) 0f c f c c crw t c c w
k RTS C k p r C C L p D C
M C C p
φ ρθ
⎛ ⎞⎡ ⎤− ∇ − ∇ ⋅∇ − ∇ ∇ − ∇ =⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠
  (6.71) 
 
6.8 Conclusions 
 
This chapter has developed a fully coupled model by including chemical effects in the 
former unsaturated hydro-mechanical coupled model. Osmosis flow is an important 
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function in this development. Also, Darcy’s law has been modified to include chemical 
osmosis effects for very low permeability rocks or soils.  
 
Once again, the theory is based on modified mixture theory. The final coupled equations 
can be validated by comparing with those developed via the mechanics approach. 
Specifically, if the chemical osmosis flow is ignored, the final equations, (6.67), (6.70) 
and (6.71), are the same as the unsaturated hydro-mechanical-chemo coupled equations 
for elastic porous media derived by mechanics approach (Liu et al., 2005); conversely, if 
the unsaturated effects are ignored, these final coupled equations are the same as the 
saturated hydro-mechanical-chemo coupled equations for elastic porous media (Chen et 
al., 2007; Ghassemi and Diek, 2003). The author is not aware of any experimental or 
numerical research relating to unsaturated osmotic flow in deformable porous media; in 
any case, it is clear that further experimental and theoretical work are needed to refine the 
model derived in this chapter. This thesis (in particular this chapter) is aimed at giving a 
fundamental theoretical structure for an unsaturated hydro-mechanical-chemo model. 
 
The stage is set for a simple numerical simulation using the final equations developed in 
this chapter. 
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Chapter 7: NUMERICAL SIMULATION OF 
UNSATURATED HYDRO-MECHANICAL-CHEMO 
COUPLED MODEL WITH OSMOSIS FLOW 
 
7.1 Introduction  
 
A fully coupled advanced formulation for modeling mechanical, fluid and chemical 
interactions in unsaturated very low-permeability porous media has been presented in 
chapter 6. This chapter shows its use in the numerical analysis of a simple boundary value 
problem that is related to the performance of the host rock around a nuclear waste 
container.  The classical Darcy’s law was extended to include osmosis flow in chapter 6. 
Hence, the effects of osmosis flow in unsaturated rock will be illustrated in this chapter 
using the numerical analysis.  
 
In section 7.2, the physical meaning of the different terms in the final equations are  
discussed. Section 7.3 then describes the finite element implementation for solving the 
complex unsaturated hydro-mechanical-chemo coupled equations. In section 7.4, the 
UHMC (unsaturated-hydro-mechanical chemo) program developed by the Author is 
validated by comparing with the results of previous research. Finally, a problem relating to 
chemical transport in host rock around a nuclear waster container is studied in section 7.5. 
In particular, the effect of osmotic flow has been considered.   
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7.2 Physical meaning of equation terms 
 
For convenience of the discussion, the final equations derived in chapter 6, that is (6.66), 
(6.68) and (6.71), are repeated as follows:  
 2 ( ) 0
1 2
GG pζν
⎛ ⎞∇ + ∇ ∇ ⋅ − ∇ =⎜ ⎟−⎝ ⎠d d
    (7.1)
1( ) 0
ff
f f f f f f f f ct rw
t t t t t c c w
kS RTS S Qp S k p r C
t t M C C
ρρ ζ ρ φρ φ ρ ρθ
∂∂ ⎡ ⎤∇ ⋅ + + + + −∇ ⋅ ∇ − ∇ =⎢ ⎥∂ ∂ ⎣ ⎦d
 
  (7.2) 
 21 1( ) 0f c f c c crw t c c w
k RTS C k p r C C L p D C
M C C p
φ ρθ
⎛ ⎞⎡ ⎤− ∇ − ∇ ⋅∇ − ∇ ∇ − ∇ =⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠
  (7.3) 
 
7.2.1 Solid equation      
The solids deformation equation (7.1) can be rewritten as   
 2 ( )
2(1 ) 2(1 )(1 2 )
E E p
v v v
ζ∇ + ∇ ⋅ ∇ = ∇+ + −d d    (7.4) 
where 
• E is the Young’s modulus and ν is the Poisson’s ratio  
• pζ∇ is a fluid-structure coupling term, which is the fluid pressure gradient in the x 
and y directions multiplied by the Biot constant  
 
7.2.2 Flow equation      
The fluid equation (7.2) can be written as  
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 [ ] ( ) [ ]
ff f
f f crw rw t
D f
t
kk kkp S SS Q p S rL C
t t t t
ρζ φ φθ θ ρ
∂∂ ∂ ∂+ ∇ ⋅ − ∇ = − ∇ ⋅ − ∇ ⋅ ∇ − −∂ ∂ ∂ ∂d
  
  (7.5) 
By considering the relationship between pore fluid pressure (water and chemical) and 
average pore pressure p  (equation (6.57)), the above equation can be rewritten as  
( ) [ ] ( ) [ ]
ff f
f f f cs rw rw t
D f
t
C kk kk S SS Q S p p p S rL C
t t t
ρζ φ φφ θ θ ρ
∂∂ ∂+ + ∇ ⋅ − ∇ = − ∇ ⋅ − ∇ ⋅ ∇ − −∂ ∂ ∂d

  (7.6) 
where     
• r is the reflection coefficient, which is a measure of the efficiency of the osmotic 
transport (Staverman, 1951) and 1fD t S c w
RTL
M C C
ρ ⎛ ⎞= ⎜ ⎟⎝ ⎠  
• 
ff
t
f
t
S
t
ρφ ρ
∂
∂ : rate of change of fluid density 
• 
fS
t
φ ∂∂ : rate of change of fluid saturation    
• ( )
t
ζ ∂ ∇ ⋅∂ d  is the time rate change of strain derived from the displacement field   
• [ ]crw Dkk rL Cθ∇ ⋅ ∇  is the diffusion of the chemical mass  
 
7.2.3 Chemical equation      
In equation (7.3), the convection term cC⋅∇u  has been neglected to simplify the 
numerical solution procedure; this assumption is reasonable for very low permeability 
rock (Yin et al., 2010). Equation (7.3) can then be rewritten as  
 [ ] [ ]
c
f c
p
CS D C L p
t
φ ∂ − ∇ ⋅ ∇ = ∇ ⋅ ∇∂  (7.7) 
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where 
• /pL L p=  represents pressure diffusion effects 
• D  is a diffusion coefficient  
• [ ]pL p∇ ⋅ ∇  is a chemical mass–to–fluid coupling term, and is the diffusion flux 
due to the pressure gradient   
 
7.3 Finite element implementation    
 
Classical finite elements (Lewis and Schrefler, 1987; Smith and Griffiths, 2004) have 
been used to solve equations (7.4), (7.6) and (7.7), for d , p and cC , the displacement 
vector, pore fluid pressure and chemical mass fraction, respectively. d  is given by 
 { }T1 2 3, ,d d d=d  (7.8) 
where d1 , d2 and d3 are the displacements in the x, y and z directions, respectively. d , p  
and cC  may be expressed in terms of their nodal values, d , p  and cC , through the 
following equations:  
 = dd N d   
 =ε Bd  (7.9) 
 pp = N p  
c c
cC = N C  
where dN  is the interpolation function for displacement, pN  is the interpolation 
function for pore fluid pressure, cN  is the interpolation function for chemical mass 
fraction, ε is the strain field and B contains the derivatives of Nd. The final discretised 
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incremental equations at the element level are 
 +Kd Lp = f   (7.10) 
 0c+ + + =TH HH p Sp A d D C  (7.11) 
 w cS c D DMC + H p + D C = 0
   (7.12) 
The matrices in equations (7.10) to (7.12) are  
d d dΩ= − Ω∫ TK (LN ) D(LN )  
f s
d p d p p
CS d dζ ζ φΩ Ω= Ω + Ω∫ ∫T TL (LN ) mN (LN ) N pN  
( )rwP P
kk dθΩ= ∇ Ω∫ THH ( N ) (N )  
1 2
T T
p p p p ps d s dΩ Ω= Ω + Ω∫ ∫S N N N N pN  
2
1 ( )
f f
s
w
s C S S Q
K
φ= + + , 2 f sCs S Qφ=  
 d pdζΩ= − Ω∫ TA (LN ) mN  (7.13) 
rw
P D c
kkrL dθΩ= ∇ ∇ Ω∫ THD ( N ) ( N )  
dφ Ω∫ Tc cΩM = N N  
c p PL dΩ= ∇ ∇ Ω∫ TDH ( N ) ( N )  
D c cD dΩ= ∇ ∇ Ω∫ TD ( N ) ( N )  
d d− Γ∫ TΓf = N t  
in which the matrix differential operator is introduced as  
 
1 2 3
2 1 3
3 2 1
/ 0 0 / 0 /
0 / 0 / / 0
0 0 / 0 / /
x x x
x x x
x x x
∂ ∂ ∂ ∂ ∂ ∂⎡ ⎤⎢ ⎥= ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦
L  (7.14) 
and the symmetric elastic stress-strain matrix D is  
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(4 / 3) (2 / 3) (2 / 3) 0 0 0
(2 / 3) (4 / 3) (2 / 3) 0 0 0
(2 / 3) (2 / 3) (4 / 3) 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
K G K G K G
K G K G K G
K G K G K G
G
G
G
+ − −⎡ ⎤⎢ ⎥− + −⎢ ⎥⎢ ⎥− − += ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
D  (7.15) 
 
7.4 Validation of UHMC program and osmotic flow  
 
The performance of the UHMC program for solving a coupled osmotic flow problem has 
been investigated in this section. As far as the author knows, there are no suitable 
numerical or experimental results for unsaturated coupled modelling with osmotic flow 
which can be used to for comparative purposes; thus the saturated osmotic numerical 
simulation of Heidug and Wong (1996) has been used to validate the program.  
 
Fig 7.1 shows details of the experimental set-up analysed by Heidug and Wong (1996).  
Chambers A and B are stiff porous plates either side of a saturated shale sample (10mm 
wide). The assumed parameter values are listed in Table 7.1. The whole domain is initially 
in equilibrium, with the pore water pressure equal to 3MPa and the chemical mass fraction 
equal to 0. The chemical mass fraction in Chamber A is then changed to 0.35 while the 
pore water pressure in Chamber A is kept constant; thus, the chemical transports from 
Chamber A to Chamber B. Heidug and Wong (1996) found that the chemical mass 
fraction in the sample goes up with time (Fig 7.2), and that the pore water pressure 
decreases in Chamber B even though the pore water pressure in Chamber A remains 
constant; later, the pore water pressure in Chamber B increases and approaches its original 
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value, due to the osmotic pressure differential vanishing with time. Fig 7.3 shows that the 
higher the reflection coefficient, the more time needed for the pore water pressure to 
restore to its original value.   
 
For the UHMC program developed by the Author, the saturation is assumed to be 1 to 
allow comparison with the results of Heidug and Wong (1996). Note that testing of 
unsaturated effects, such as desaturation, has been conducted in chapters 4 and 5. Thus, this 
test is focused on chemical osmosis flow. Where possible, the same parameters and 
numerical model details used by Heidug and Wong (1996) have been adopted. 
Unfortunately, Heidug and Wong (1996) did not supply all the relevant information; 
specifically, the value of the porosity φ  and detailed information relating to Chamber B. 
In this thesis, φ  is assumed to be 0.06 and Chamber B is assumed to have the same 
property values as the shale sample, except for a very high Young’s modulus to make 
Chamber B very stiff. Fig 7.4 shows the chemical mass fraction distributions at times 
consistent with the distributions in Fig 7.2 (reference lines): the Author’s results are similar 
to those in Fig 7.2, although, for a given time the chemical mass fraction distribution is a 
little higher than computed by Heidug and Wong (1996). Therefore, Figs 7.5 and 7.6 show 
curves for φ  values of 0.04 and 0.08, respectively, to investigate the sensitivity of the 
result to φ . The results show that chemical transport is faster when φ  is lower (Note 
here, this is because collective diffusivity /D φ  is higher when φ  is lower and D  is 
constant), a finding reinforced by Fig 7.7 which shows chemical mass distributions at 380 
hours for the three different φ  values.  
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Fig 7.8 shows the evolution of pore water pressure with time, at x=20mm and for φ =0.06. 
These results are very similar to those shown in Fig 7.3 (reference lines), although the 
influence of porosity on pore water pressure change is shown in Figs 7.9 to 7.11. Fig 7.11 
highlights that pore water pressure changes are more rapid for lower values of φ . 
 
Overall, when φ  equals 0.06, the results for chemical mass fraction change (Fig 7.4) and 
pore water pressure change (Fig 7.8) are similar to the findings of Heidug and Wong (Figs 
7.2 and 7.3). Given the uncertainty in the value of φ  (and other model details) used by 
Heidug and Wong, the results obtained using the Author’s UHMC program are 
encouraging. Furthermore, the general pore pressure behaviour observed in the simulation 
has been seen in experiments (e.g. von Oort, 1994). Also, it can be seen from equation 
(7.7) that, the lower the porosity, the faster the chemical transport.  
 
7.5 Case study of disposal host rock for chemical transport with 
osmosis flow     
 
Salt rock, or rock with salty ground water, are often encountered as possible host media for 
the underground disposal of radioactive waste (Chen et al. 2007). Therefore, the analysis of 
chemical transport is relevant in such situations and will be discussed. The material 
parameter values are again as in chapter 5 based on the Tournemire site for nuclear waste 
disposal (Maßmann et al., 2006) and are listed in Table 7.2.  
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For the analysis of unsaturated chemical osmotic flow in a typical nuclear waste host rock, 
a similar one-dimensional model to Heidug and Wong (1996) (0.015m wide and 0.030m 
high), has been chosen (Fig 7.12). Chambers A and B have been replaced by boundaries A 
and B for the sake of convenience. Section 7.4 showed that, if a chemical faction is applied 
to boundary A and the porous sample is saturated and initially free of chemical, water will 
flow out through boundary A. After chemical transport is finished, water will flow into the 
specimen via boundary A and then through the specimen domain to boundary B, due to the 
osmosis effects having disappeared. This phenomenon will be observed in the numerical 
analysis of unsaturated chemical transport in due course.     
 
The finite element mesh composes 60 equal-sized composite elements: that is, eight nodes 
are used for the displacement field, and four nodes for the pore pressure and chemical mass 
fraction fields. Note that the number of elements is more than that in chapter 3 due to more 
coupling such as chemical has been involved in this chapter.  
 
The sensitivity to variations in parameters of porosity φ and reflection coefficient r has 
been conducted in section 7.4, the attention will now focused on the physical coupling 
performance between solid, fluid and chemical in the following numerical analysis.     
 
(1) Boundary conditions and initial conditions 
Initial conditions: The pore fluid pressure throughout the whole domain is -4MPa, and the 
initial saturation of the specimen is 0.995. The chemical concentration is 0. Initially, the 
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system is in mechanical equilibrium and the effective stress is zero.      
 
Mechanical Boundary conditions: Boundary A is a free permeable boundary with an 
external constant loading (which equals p ) to keep the effective stress equal to zero, while 
boundary B is an impermeable fixed boundary.  
 
Chemical boundary change conditions: At the beginning of the test, the chemical mass 
fraction at boundary A is increased from 0 to 0.35. The chemical mass fraction is 0 at 
boundary B initially, and so chemical transport occurs from boundary A to boundary B with 
time. Note that the chemical mass fraction at boundary B is not fixed at zero and increases 
with time due to the chemical transport from boundary A.        
 
(2) Short time period result analysis:  
Fig 7.13 shows the evolution of chemical mass fraction distribution with time. Since the 
chemical mass fraction is initially 0 throughout the whole sample, and then increased to 
0.35 at boundary A, chemical transport will occur from the zone of high mass fraction to 
the zone of low mass fraction; thus the distribution of chemical mass fraction within the 
specimen goes up with time.  
 
Chemical transport in very low permeability rock causes chemical osmosis flow. Hence 
water flows out in the direction of higher chemical mass fraction and through boundary A, 
and there are associated changes in pore water pressure and saturation within the specimen. 
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Fig 7.14 shows that the negative pore water pressure goes down with time due to the 
reduction in saturation arising from water leaving the specimen: after 1 hour the area most 
affected is near boundary A, but after 6 hours the zone near boundary B is also affected. In 
only one day, the pore water pressure changes from -4MPa to -4.6MPa, which is a 
significant decrease. The degree of saturation shows similar changes with time to the pore 
water pressure, due to there being a direct relationship between them. The lower the 
saturation, the higher the negative pore water pressure (Figs 7.14 and 7.15). As expected, 
Fig 7.15 shows the saturation reducing much faster near boundary A, due to the higher 
chemical concentration gradient in this region.  
 
Changes in effective stress resulting from the decrease in pore fluid pressure may affect the 
stability of boundary A. There is a compressive effective stress change near boundary A and 
later at boundary B, as seen in Fig 7.16. The corresponding horizontal strain changes are 
shown in Fig 7.17. The compressive displacement, due to water flowing out, increases over 
the first 24 hours (Fig 7.18).   
 
(3) Long time result analysis:  
Figs 7.19 to 7.24 show how the various distributions evolve over 1 year. In Fig 7.19, the 
chemical mass fraction keeps going up and approaches the maximum (steady state) value 
after about 1 month.  
 
Fig 7.20 shows that, at the boundary B, the pore water pressure decreases from -4.3MPa 
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after one day to -4.9MPa after one week, because of the loss of water due to chemical 
osmosis effects. However, at the same time the pore water pressure starts to recover near 
boundary A, due to the flow of water from boundary B to this zone. Since the pore water 
pressure at boundary A is fixed at -4MPa, the water will eventually start to flow from 
boundary A towards boundary B, due to the osmosis effect reducing with time as the 
chemical mass fraction across the sample approaches its steady state. From 1 week to 1 
year, the recovery step applies to the whole zone and then the pore water pressure 
increases. Fig 7.21 shows the corresponding saturation changes over this same period.  
 
The effective stress and strain changes follow the changes in pore water pressure. 
Eventually, they go back to the zero initial state (Figs 7.22 and 7.23). Similarly, the 
displacement goes down from one day to one month and than returns back to 0 after one 
year (Fig 7.24).  
 
(4) Time-variation of variables at different points : 
Three points within the specimen (at x=5, 10 and 15mm) have been chosen to give a clear 
view of changes in the following variables with time; chemical mass fraction, pore water 
pressure, saturation, effective stress, strain and displacement.   
 
As explained before, the chemical mass fraction at the three points will increase and 
eventually reach a maximum value of 0.35 over different time scales (Fig 7.25). 
Meanwhile, the pore water pressure initially goes down (desaturation step) due to osmotic 
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flow and then increases back to its original state (resaturation step) due to the osmotic 
effects wearing off (Fig 7.26). The degree of saturation, effective stress and strain show 
similar progress (Figs 7.27 to 7.29). Fig 7.30 shows that the displacements are lower away 
from boundary A and, at x=15mm, the displacement is fixed at zero due to the boundary 
conditions. However, the effective stress and strain change is not zero at boundary B.  
 
7.6 Conclusion 
 
In this chapter, a simple numerical simulation involving the developed unsaturated 
hydro-mechanical-chemo coupled model has been conducted. The author is not aware of 
other published numerical simulations which have been considered the influence of 
chemical osmosis on very low permeability unsaturated rock in coupled geomechanics 
modelling research. 
 
Importantly, this chapter demonstrates that chemical osmosis might cause flow towards a   
nuclear waste container if there is a higher natural chemical concentration of the buffer clay 
around the container. Also, if the nuclear waste were to leak, water may flow in the 
direction of the nuclear waste due to osmotic flow, thereby increasing the possibility of 
radionuclides dissolving and being transported in the groundwater.  
 
This chapter demonstrates the deformation of the rock and the saturation change due to 
chemical osmotic flow. If there is a high chemical concentration at the tunnel or hole 
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boundaries, it may cause an instability problem due to the deformation. Chemical 
concentration also has a strong influence on water saturation, which will change the 
saturation distribution around the nuclear waste container. Therefore, information relating 
to the natural chemical concentration distribution (i.e. salt) in the host rock is important for 
nuclear waste disposal.  
     
The stage is now set for the conclusion of the whole thesis. 
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Fig 7. 1 Experimental set up for numerical comparison (Heidug and Wong, 1996)   
 
 
Fig 7. 2 Transient distribution of chemical mess fraction (Heidug and Wong, 1996) 
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Fig 7. 3 Variation of pore water pressure with time and influence of the reflection coefficient at 
x=20mm (Heidug and Wong, 1996) 
 
 
 
Fig 7. 4 Distribution of chemical mess fraction for porosity φ=0.06 (UHMC program in this chapter)  
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Fig 7. 5 Distribution of chemical mess fraction for porosity φ=0.04 (UHMC program in this chapter)  
 
 
Fig 7. 6 Distribution of chemical mess fraction for porosity φ=0.08 (UHMC program in this chapter)  
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Fig 7. 7 Distribution of chemical mess fraction for different porosities (t=380 hours, r=0.3) (UHMC 
program in this chapter) 
 
 
Fig 7. 8 Variation of pore water pressure with time and the influence of reflection coefficient for 
porosity φ=0.06 (UHMC program in this thesis) 
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Fig 7. 9 Variation of pore water pressure with time and the influence of reflection coefficient for 
porosity φ=0.04 (UHMC program in this thesis) 
 
 
Fig 7. 10 Variation of pore water pressure with time and the influence of reflection coefficient for 
porosity φ=0.08 (UHMC program in this thesis) 
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Fig 7. 11 Variation of pore water pressure and the influence of reflection coefficient for different 
porosities ( r=0.3) (UHMC program in this thesis) 
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Fig 7. 12  Unsaturated rock analysis (not to scale) 
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Fig 7. 13 Evolution of chemical mass fraction distribution with time during first day 
 
 
Fig 7. 14 Evolution of pore water pressure distribution with time during first day 
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Fig 7. 15 Evolution of degree of saturation distribution with time during first day 
 
 
Fig 7. 16 Evolution of horizontal effective stress distribution with time during first day 
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Fig 7. 17 Evolution of horizontal strain distribution with time during first day 
 
 
Fig 7. 18 Evolution of horizontal displacement distribution with time during first day 
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Fig 7. 19 Evolution of chemical mass fraction distribution with time over one year 
 
 
Fig 7. 20 Evolution of pore water pressure distribution with time over one year 
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Fig 7. 21 Evolution of degree of saturation distribution with time over one year  
 
 
Fig 7. 22 Evolution of horizontal effective stress distribution with time over one year 
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Fig 7. 23 Evolution of horizontal effective strain distribution with time over one year 
 
 
Fig 7. 24 Evolution of horizontal displacement distribution with time over one year 
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Fig 7. 25 Chemical mass fractions changes with time  
 
 
Fig 7. 26 Pore water pressure changes with time 
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Fig 7. 27 Degree of saturation changes with time 
 
 
Fig 7. 28 Effective stress changes with time 
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Fig 7. 29 Strain changes with time 
 
 
Fig 7. 30 Displacement changes with time 
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Table 7.1 Material parameters for shale sample (Heidug and Wong, 1996) 
 
Parameters  Physical meaning  Values and units 
/k θ  Absolute Permeability/Dynamic viscosity 125 10 m/s−×  
E  Young’s modulus 2GPa 
v  Poisson’s ratio 0.3  
D Diffusion coefficient  101 10 m/sD −= ×  
r Reflection coefficient  0.1, 0.3 and 0.5  
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Table 7.2 Material parameters for host rock of nuclear waste (Maßmann et al. 2006) 
 
Parameters  Physical meaning  Values and units 
Hydraulics   
w
tρ  Density of water 1000 3kg/m  
/k θ  Absolute Permeability/Dynamic viscosity 10−13 m/s (Chen et al., 2007) 
m Van Genuchten  parameter  0.43  
M Van Genuchten  parameter  51 MPa  
Mechanics   
E  Young’s modulus 9720 MPa  
v  Poisson’s ratio 0.2  
Chemical    
D Diffusion coefficient  3.2*10−12  2m / s  (Chen et al., 
2007) 
r Reflection coefficient  0.1 (Heidug and Wong, 1996) 
Coupling   
ζ Biot coefficient  1.0 
Q  Void compressibility 0.000005 MPa-1 
 
  
 
 
 
 
 
     195
 
Chapter 8: CONCLUSIONS AND RECOMMENDATIONS 
FOR FUTURE WORK 
 
8.1 Conclusions of this thesis  
 
The objectives listed in chapter 1 have been fully completed as follows:  
 
i) In chapter 3, an HM model for swelling rocks has been analysed and a 
swelling term has been included in Biot consolidation theory based on 
modified mixture theory. A numerical analysis involving combined 
consolidation and swelling has been conducted. The result reveals that 
hydration swelling has an important influence on the deformation of the rock.  
ii) In chapter 4, modified mixture theory has been extended to UHM. The 
resulting formulations are the same as those derived from the mechanics 
approach, which is a clean validation of modified mixture theory. A seasonally 
affected tunnel model has been analyzed. The results show that seasonal 
changes in the degree of saturation might cause instability problems for the 
tunnel.  
iii) In chapter 5, a UHM model for swelling rock has been developed. Swelling 
terms have been included in the final formulation and a simple desaturation 
stability problem has been analysed. The results show that non-swelling rock 
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exhibits more significant deformations in the desaturation phase. Swelling 
effects seem to counteract the influence of desaturation on the performance of 
the rock.   
iv) In chapter 6, a UHMC model for unsaturated low permeability rock has been 
developed. In particular, Darcy’s law for unsaturated rock has been extended 
by including chemical osmotic flow. A UHMC finite element code has been 
developed and validated by comparison with previous work in chapter 7. Also, 
a one dimensional chemical transport problem with consideration of osmotic 
flow has been analysed. The results show that, even at the same water pressure, 
water can flow from the region of lower chemical concentration to the region 
of higher chemical concentration, which is potentially dangerous for nuclear 
waste disposal if there is a high chemical concentration around the waste 
container.  
 
The thesis has extended a new theory, that is modified mixture theory, to unsaturated rock. 
This thesis has considered simple numerical studies with relevance to the safety of deep 
nuclear waste disposal. The following observations have been made:  
  
i) Seasonal changes in temperature and humidity may affect the saturation and 
effective stress distributions at the boundary of a tunnel wall, possibly causing 
fracturing of the rock.  
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ii) T he hole excavated for a nuclear waste container may show a significantly 
different performance in swelling rock than in non-swelling rock, due to the 
desaturation phase following excavation. Desaturation will cause a change in 
effective stress which may cause an instability problem, although swelling 
may have counteracting positive effects.      
iii) Chemical transport may strongly affect the saturation distribution and 
resulting effective stresses around a nuclear waste container. 
iv) Chemical osmosis may cause water to flow directly to the nuclear waste 
container if there is a higher chemical concentration around the container. For 
example, if the clay buffer has a higher chemical concentration (for example, 
due to the presence of salt) than the host rock, it might cause the water in the 
host rock to flow directly to the buffer clay: this may cause corrosion of the 
waste container, or cause more redionuclides to dissolve in the water if the 
container has already been broken.  
 
In summary, this thesis has completed all the objectives set at the beginning of the 
research: it has extended a new theory called modified mixture theory, developed new 
coupled formulations, and provided new and useful benchmark numerical analyses 
relevant to the nuclear waste disposal industry.     
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8.2 Recommendations for future work 
 
Based on the work in this thesis, future research in HM, UHM and UHMC coupled 
modelling and numerical simulation is recommended as follows.  
 
i) This thesis focused on the performance of rocks and assumed linear elasticity. 
For analysing the instability of rocks, a failure criterion should be considered. 
Moreover, plastic considerations are particularly relevant when considering 
soil behaviour.   
ii) The thesis has focused on small deformations. Further research would be 
useful for materials that exhibit large deformations, such as highly swelling 
clays and biological tissues.  
iii) The anisotropic nature of soils and rocks such as shales has not been 
investigated by the Author and should be researched. 
iv) The numerical simulations in this thesis have focused on simple plane strain, 
one dimensional problems. 2-dimensional and 3-dimensional analysis are 
needed for most practical problems in industry.  
v) As far as the author knows, there has been little experimental research relating 
to UHMC with chemical osmosis, or relating to UHM for swelling rock. Thus, 
research in these areas is recommended. Research is needed to get a better 
understanding of the measurement and significance of certain property values 
that are needed in the coupled model calibration.  
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